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The inversion of the one—dimensional Radon transform onrdtegion group
SO(3) is an ill posed inverse problem which applies to X-ray torapdy with
polycrystalline materials. This communication presenteeel approach to the
numerical inversion of the one—dimensional Radon transfum SG3). Based on
a Fourier slice theorem the discrete inverse Radon tramsédra function sam-
pled on the product spa& x S? of two two—dimensional spheres is determined
as the solution of a minimization problem, which is iterativsolved using fast
Fourier techniques fd8* and S@3). The favorable complexity and stability of
the algorithm based on these techniques has been confirttedumerical tests.

1 Introduction

The Radon transform on §Q) has recently been recognized to be instrumental for theyanal
sis of crystallographic preferred orientation as it is tbemerstone of the relationship between
a crystallographic orientation density function (ODF) atsdexperimentally accessible pole
density functions (PDF) cf. [21, 22, 6]. Thus, the major peob to determine a reasonable
ODF from experimental pole intensity data requires thernsiom of the Radon transform on

SO(3). This problem has rarely been studied with mathematicat egen so there are several
ad hoc methods most of which originate in material scienic¢l¢13, 19, 10].



1 Introduction

This communication presents a novel mathematically soppdoach building on advanced
methods of the inversion of the Radon transformidn cf. [15]. The numerical inversion of
the Radon transform on the rotational group($Qis an ill posed inverse problem which
requires careful analysis and design of algorithms. Tloeeefwe formulate a Fourier slice
theorem for the Radon transform on 8P which characterizes the Radon transform as a
multiplication operator in Fourier space.

Based on this characterization we define a discrete invaaderrtransform in terms of dis-
crete Fourier transforms on $8 andS? x S?, respectively, and their inverses. We define the
inverse discrete Fourier transform of a function sample8”r S? as the solution of a mini-
mization problem. It is iteratively solved applying fasgjatithms for spherical harmonics.

In particular, we present for the first time a fast algoritlonthe evaluation of the discrete
inverse Radon transform in $8) based on fast Fourier techniques on the two—dimensional
sphereS? and the rotational group S@). More precisely, we rely on the nonequispaced
Fourier transforms of? and S@3), cf. [12, 8].

The paper is organized as follows. After introducing the anajpecial functions on the
domainsS? and S@3) we define in Section 2 the Radon transform on($Qs the integral
operator

1

Re1(80W) — 18 xS, (RNMx) = o [ Sl

whereG(h,r) denotes for anp, r € S? a geodesic in S@). In Theorem 2.7 we derive a
representation of the Radon transfofRnin Fourier space which might be interpreted as an
analogue to the classical Fourier slice theorem of the Ra@misform inR<,

We proceed by defining two finite dimensional approximatiofihe inverse Radon trans-
form of a functionP € C(S* x S?) given its values at a finite set of nodEsC S* x SZ.
Depending on the number of sample nodes and the dimensitie afjproximation space we
define the approximations of the inverse Radon transforneeds the solution of an interpo-
lation problem or as a the solution of an optimization prahl&Ve end the section by proving
the basic approximation Theorem 2.11 relating the appration error inL*(SO(3)) to the
approximation error in the Fourier space correspondirff te S2.

Section 3 is devoted to the discrete theory. First we prasdriteorem 3.4 a factorization of
the discrete Radon transform on 8Q i.e., of the operator that evaluates the Radon transform
of a polynomial on S@) in a finite set of nodeB C S? x S?. Here we are concerned with sets
of nodes that are of the special fofm= { (h;,r;;) € S*°xS* | i=1,...,N,j=1,...,N; }.
Based on the factorization of the discrete Radon transfbevtgorithms 1 and 2 implement
the direct and the adjoint forward transform with numerwahplexityO(N L? + |T'|), where
L € Nis the maximum polynomial degree used for the approximaifaghe Radon transform
(cf. Lemma 3.6). This complexity compares favorably to tbhenerical complexityO (L3 |T'|)
of the naive algorithm. In Theorem 3.5 the algorithm for thectete Radon transform is
utilized to derive an algorithm for the computation of thearse Radon transform that has the
numerical complexityD(N L? + |T'|) per iteration. A necessary condition on the structure of
the set of node§ C S? x S? and in particular on the numbé¥ € N such that the inverse
problem is well posed is given in Theorem 3.9.



2 Integral Operators

In Section 4 we check the CGNR as well as the CGNE based digofir various com-
binations of polynomial degree and sampling sizes. In allegeriments both algorithms
converge if the polynomial degree is chosen sufficientlgdarHowever, in the case that the
dimension of the approximation space is almost equal to tineber of sampling nodes none
of both algorithms converges. A similar result for the cafsagpproximation on the sphere can
be found in [9].

In the last Section 5 we address the application of the Radmisform on S@3) to texture
analysis. We formulate the practical problem of recoveangprientation distribution func-
tion from diffraction measurements and perform some samglieulations using the CGNR
based algorithm. Since in texture analysis one is intedastéhe Fourier coefficients of cer-
tain orders we analyze the approximation error for eachehtrmonic subspaces separately.
We observe that the maximum harmonic order up to which thei&oaoefficients can be
approximated is in general significantly lower than the te&o bound given in Theorem 3.9.
Moreover, we observe that the approximation error in a fixauntonic subspace decreases if
the total polynomial degree of approximation is increasiéds observation has a direct con-
sequence for the practical determination of low order Feuwoefficients in texture analysis
since it suggests to choose the total polynomial degreegrbapnation much higher then the
order of the required Fourier coefficients.

2 Integral Operators

Functions on S?. For the following exposition we refer to [2]. THeegendre polynomials
P [-1,1] — R, 1 € Ny, are the key special functions in harmonic analysis on the-tw
dimensional sphere. They are characterized as classthagamal polynomials on the interval
[—1, 1] by the properties

1. P, is a polynomial of degreg

2. [1, Pit)Py(t)dt = 5250, for 1,1 € Ny .
By property 2 the Legendre polynomials are norme®t0l) = 1, [ € Ny. Theassociated
Legendre function®: [-1,1] — R, [,k € Ny, k < [, are defined with the derivatives of the

Legendre polynomials

_ 1/2 k
Pr(t) = (Ehg:) (1—t2)k/z%77l(t), te[~1,1].

They satisfy for all € Ny, £ =0, ..., [, the three term recurrence relation
(21)!

P =0, Pl =Y e o
Pia(t) = oftPH(t) — wiPLy (1), te[-1,1],
where
. o+ 1 . (L= k) (L +k)
= and = .
R (e Y S |



2 Integral Operators

Let€ € S? and let(6, p) € [0, 7] x [0, 27) be its polar coordinates, i.e.,
€ = (cos psin @, sin psin 6, cos )T

Then thespherical harmonicgiven as

Vi) = \/%+1PW( sO)e*,  k=—1,...,1, (2.2)

span the harmonic space Ha(f) = span {);,..., )/} of all spherical harmonics with
a fixed degreé € Ny. Moreover, the spherical harmonics (2.2) satisfy the atmality
relationship

/ VEE)VE (€) dg = 016y, s

and the function syste, | € Ny, k = —1[,...,l, forms an orthonormal basis @f(S?).
The harmonic spaces Haitf?), I € Ny, provide a complete system of rotational invariant,
irreducible subspaces @f(S?), i.e

L*(S) = closp> ) Harm (S?).
=0
Let L € Ny. Then any function

L
fe @ Harm(S?)
=0
is called spherical polynomial of degrée )
For a given functiory € L?*(S?) we define its Fourier sequengec (2(1),
I={(,k)eZ | leNy k=—l,...1},
as the sequence of coefficients with respect to the Basigl, k) € I, i.e.,

fan = [ rentee. amer
Moreover, we define the index set

I={(,k)eZ* |1=0,...,L,k=—1,...,1},

of the Fourier coefficients of the space of spherical polyratsrof degree. € N, which has
the dimension

L] = (L +1)
Definition 2.1. We define thecontinuous Fourier transforts: in L*(S?) as the operator
Fo: (1) — LX(S?), [ Y fLE)Y. (2.3)

(Lk)el

By Parseval’s theorem the operatdfg, F,' are well defined isometries betweéh(S?)
and/?(I) and we have for any functiofi € L*(S?),

Fo'f=f.



2 Integral Operators

By SO(3) we denote the Lie group of all orthogoriak 3 matrices

Functions on SO(3).
with determinant one. Setting
-

J={(kK)eT|1€Ny, kK =

we consider a basis systebf*’ € L2(SO(3)), (I, k, k') € J of harmonic functions on S@)
following [23]. These functiondf*, (1, k, k') € J are calledWigner-D functionsnd are

defined by the representation properties
Di*(g)= | V(g 'e)V(€)dE, (Lk.K)eJ geSA3). (2.4)

§2
The Wigner-D functions form an orthogonal basisZit{SO(3)) with respect to the Haar
measure. In particular, every functigne L?(SO(3)) has a unique series expansion in terms

of Wigner-D functions
(I+3)2 i
f, kKD, (2.5)

/= Z 2w

(Lk,ENed
with Fourier coefficientsf(l, k. k), (I,k, k") € J, given by the integrals

N

[N

R I+2 ,
frewy =20 [ e D .

T SO(3)
Note that the Wigner—D function®*" are not normalized in thé>-sense but satisfy

/ 2 472
= Dy* (g)‘ dg = ,
L2(S0(3)) /So@‘ l I+ 1

with the measure on SB3) normalized tofso(g) dg = 8«
Let! € Ny. Then theharmonic spacélarm (SQ(3)) of degred is defined as

Harm(SO(3)) = span {ka' |kl =1, ... ,z}.
For reasons of analogy we call any functire @fzo Harm(SQ(3)) apolynomialon SQ3)
of degreel € N, and correspondingly define the truncated index set
L, kK = A

HDkk’

Jo={kK)ecZ |1l=0,...,
The dimension of the space of these polynomials is given by

1
|| = (L+1)(2L+1)(2L+3).
Similar to the spherical case we introduce the Fourier faansin L?(SQ(3))



2 Integral Operators

Definition 2.2. The continuous Fourier transform L?(SO(3)) is defined as the operator

I+ 1)z

5= [k KD, (2.6)

Fsow: (2(J) — L(SOB)), fr Y

(Lk,k)eJ

By Parseval’s theorem the operatdfgqs), ]—"3‘5(3) are well defined isometries between
L*(SO(3)) and/?(.J) and we have for any functiof € L?(SO(3))

fs—gxg) f=f.

The One-Dimensional Radon Transform on SO(3). The initial Radon transform in-
troduced by Funk [3] and Radon [18] was largely generalizetiélgason, see [4, 5] and the
references therein. For more specific details concerniagréddon transform on S@) see
also [14].

Leth,r € S%. Then the set

G(h,r) ={geSOB) | gh=r}

of all rotations that map the vecthronto the vector defines a geodesic in $8). Moreover,
for any geodesi¢i C SQ(3) there is a paith,r) € S* x S? such thatG = G(h, r). The pair
(h,r) is well defined up to the symmetry(h,r) = G(—h, —r).

Leth,r € S? and letg, € G(h,r) be an arbitrary rotation mappirdgontor. Then the
geodesid7(h, r) allows for the parameterization

G(h,r) = {Rot(w)go € SOB3) | w € [0,27) },

where Rot(w) denotes the rotation about the rotational axisy the rotation angle.

We now step to the definition of the one—dimensional Radonsfeam on S@3) as a
bounded operator betwedi?(SQ(3)) and L(S? x S?). The strict way to do so is to first
define the Radon transform for the class of continuous fanstishow that it is bounded with
respect to the’>~norm and then extend it to a bounded operator betwe¢80(3)) and
L3(S? x S*). However, we only refer to [22] and immediately define the &tattansform in
the Hilbert space setting.

Definition 2.3. The (one—dimensional) Radon transform on (8Dis defined as the integral
operator

R: L*(SO3)) — L*(S? x §?),

R =5 [ e (hr)estxs

For completeness we prove the following Lemma (see alsq.[22]
Lemma 2.4.Let] € Nyandk, k' = —1,...,l. The Radon transform of the Wigner-D function
DF*"is given by
2 —

-V ()Yf(r), hreS” 2.7)

RDM (h,r) =
I+



2 Integral Operators

Proof. For arbitraryl € Ny, k, k' = —I[, ..., we obtain by equation (2.4)

! 1 /
ROF (e = o [ D)

™

= i k'o—1 &
Com /G(h,r) 52 Vi (g7 €)Y (€) dg dg

1

= — , k dg dg. :
o I ACY BRI 28)

Since we have for ang, h,r € S* andg, € G(h,r),
{g€€S* | geGhr)}={Rot(w)g €S* | we[0,2m)}
the inner integral rewrites as

27
L Vi(g€)dg = L Vi (Rot(w)go€) dw = Pi(r - go&) Vf(r).

2 G(h,r) 2 0

Here we have applied the spherical mean value theorem (c€&q[23.6.15]). Together with
(2.8) and the Funk—Hecke theorem (cf. [2, Th. 3.6.1]) weinbta

2

o V()

RO (hr) = | VE(€)Pi(h- €)Y (r)de =

As a direct consequence of the above lemma we obtain theviolpcharacterization of the
range of the Radon transforf on SQ3).

Lemma 2.5. The range of the Radon transfoffis the subspace of all functiods € L?(S? x
S?) that have a Fourier expansion of the form

P= 3 PkKY ()Y (o) (2.9)

(Lk,K)ET

with Fourier coefficients (1, k, k'), (1, k, k') € J satisfying the summation property

2
< oQ.

ST @+ ‘ﬁ(z, k k)

(Lk,k)ET

In particular, any function®? € RL?*(SO(3)) in the range of the Radon transform possesses
the symmetry property

P(h,r) = P(~h,-1), h,reS2 (2.10)

For the specific subspace I1¥(S* x S?) spanned by the range of the Radon transform we
define the following Fourier transform.



2 Integral Operators

Definition 2.6. By the operator

Fri P(J) = LS x 8%, FrP= > Pk (01)Vf (o)

(Lk,keT

we denote the restriction of the Fourier transforniLfiS* x S?) to the subspace spanned by
functions of the forn(2.9).

Next we want to derive an equivalent to the classical Fowliee theorem for the Radon
transform inR?. To this end we define the following two operators. The firstrapor) is
given as

Vi 2(J) = C(ILLASY),  (VP)(Lk)= > P~k K)Yf (2.11)

k'=—1

and defines for any sequenBec %(.J) a sequence of functionaP (1, k) € L*(S?), (1, k) € 1.
The norm inf?(1, L*(S?)) is given as

T 27
Zwmm%leﬁ

Lk)el (Lk)el

R 2
VP(l,k)(0,p)| dpsinddd.

A2
HVPHz?(I,L?(S?)) =
(

The second operatovt : (?(.J) — ¢*(.J) we define as the multiplication operator
A ™

Mﬂquzﬁﬁﬁ

Theorem 2.7(Fourier slice) The Radon transfor® on SQ(3) is a multiplication operator
in Fourier space

Fl, kK, (,kK) el (2.12)

R = FrMFsqs)- (2.13)
Moreover, we have the decomposition
Fr = Fs2V, (2.14)
which finally leads to
R = FeVMFsy ).

Proof. The first decomposition (2.13) is a direct consequence ofrhar®.4. In order to prove
the decomposition (2.14) we consider an arbitrary Fouggusnce € ¢*(J) and verify

FeVP =Y (WP)LRYVE = Y Pl —k k)Y

(Lk)el (Lk,kNeJ
= Y PLkK)YVVF =FrP.
(Lk,k"YeJ



2 Integral Operators

The decomposition of the Radon transfoRnn Theorem 2.7 can be expressed in a com-
mutative diagram as

L*(SO(3)) — B L2(S? x §?)

Tfsw T]—'R (2.15)
M

T —— )
The Inverse Radon Transform. By Lemma 2.4 the inverse Radon transform
R LA(S? x §?) — L*(SO(3))

is an unbounded operator and hence its numerical evaluigtian ill posed problem. Reg-
ularization of the ill posed problem means to approximagetthbounded operatd® ! by
a bounded one. For this purpose we first define two approxamstdf the inverse Fourier
transform7;".

The next result concerns minimization problems in discnetens in¢?, where/? is either
(*(I) or £*(J). Therefore, we define the weighted nofm||,,, w € ¢* for any nonnegative
operatonV: (> — ¢? called weight as

lwlly, = W], .

LetI’ ¢ S? x S? be a finite subset of nodes and letc N,. Then we define for any
continuous functior® € C(S* x S?) the set of Fourier sequences

Qrr(P)={we () |w(,kk)=0forl > Land
(Frw)(h,r) = P(h, ) for (h,r) € T'}.

Lemma 2.8. LetI’ C S? x S? be a finite subset of nodes and fetce N, such that for any
P € C(S? x §?) the set), r(P) is not empty. Then the minimization problem

- : 2
@ = argmin ||lw||
UJEQL’F(P) W (2'16)

has a unique solution for any positive operatdtr and defines a linear, bounded operator
Tor: C(S* x %) = 2()), T/rP=a. (2.17)

Proof. Existence and uniqueness of a solution of minimization j@ml(2.16) follows from
the fact that||o||iv is a strictly convex functional on the convex et - (P). Since the set
Q. r(P) is finite dimensional the solution of the minimization preil (2.16) coincides with
the solution of the corresponding normal equations of se&urd (cf. [20]). In particular, the
solution depends linearly on the given continuous functorsince the operatOTfF is finite
dimensional it is bounded. |



2 Integral Operators

Replacing the normal equations of second kind by normaltespsof first kind the proof
of the next lemma is analogous to the previous proof.

Lemma 2.9. Assume that a finite set of nodés- S? x S? and a polynomial degreé € N,
are chosen such that for anfy € C(S? x S?) the set of Fourier coefficient3, r(P) contains
at most one element. Then the minimization problem

. . 2
o= argmin [(Frw)(T) = P(D)|[; + llwll3y (2.18)
{wee2(J)|w(l)=0fori>L}

has a unique solution for any positive operatdr and defines a linear, bounded operator
T/ C(S* x §*) = 2()), T/AP=a. (2.19)

Obviously a necessary condition for the existence of thedsrator igI'| < |.J.| whereas
the existence of the operat®}. requires|I’| > |.J;|. In the general case of arbitrarily scat-
tered node§’ one can expect the operatdfg;. and 7/ to be well defined if’| < |.J.| or
IT'| > |J.|, respectively. A more precise result depending on the sebdésl” will be given
in Lemma 3.9.

Definition 2.10. LetT' C S? x S? be a finite subset of nodes and Iet N, be a polynomial
degree. If the operatdr”;. exists then we construct the operator

Rir: C(8* x§%) — C(SAB)), Rir=FsayM T/},
and if the operatd¥ %, exists then we construct the operator
Rﬁri C(S* x §%) — C(SO3)), Rﬁr = ]:80(3)-/\/1_1751“-

The operatorR . andR |- are finite dimensional approximations of the inverse Radon
transformR ~! which we will use for the numerical inversion. They share ¢haracteristic
that for any function” € C(S* x S?) the functionsR? P andR} . P, respectively, depend
only on the values of the functioR at the set of nodeE C S? x S?. The subscripf., € N,
indicates that the range of both operators contains onlgtioms of polynomial degreg. The
following theorem gives an estimate on the quality of appr@tion of the operatorﬂﬁF
andR [ .

Theorem 2.11.LetT' C S? x S? be a finite subset of nodes and letc N, be a polynomial
degree such that the operat®7 - is well defined. Then we have for aRye C(S* x S?) the
equality

IR™P = RY - Pl 12 somy = 1P = TPl aes (2.20)

where M is the multiplication operator defined {2.12)
If the set of nodek and the polynomial degrek are chosen such that the operaﬂalfF is
well defined then an analogous equality is satisfied, i.e.,

IR'P = RErPl pasoy = 1P = TPl (2.21)

10



3 Discrete Operators

Proof. SinceFsqs) is an isomorphism we have by Theorem 2.7

IRT'P — RE Pl 12sos) = I1Fsam M ™ Fr' P — Fsop M TPl 12 (sos))
= M FtP — MY TEL P,
= ||P— L,FPHM*Q'

The second equality follows analogously. [ |

3 Discrete Operators

This section is devoted to the discrete theory. Our main ggotd develop a fast numerical
algorithm for the evaluation of the operatdRy’, andRf' .. Therefore we first introduce
discrete versions of the Fourier transformd.{S?) and inRL?*(SO(3)), respectively.

Discrete Fourier Transforms. Let P € EBlLZO Harm(S?) be a spherical polynomial of

degreel € Ny. Then we use for the finite Fourier sequen’%eof P the vector notation
P e C'r with P, = P(1, k) for (I, k) € I, where the length of the vector|i,|. According
to [8], we consider the evaluation of the functiémat a list of arbitrary nodes given its vector
of Fourier coefficients.

Definition 3.1. [Discrete spherical Fourier transform] Lgt= (&1,...,&N) be a vector of
N € N arbitrary nodeg; € S* and lefP € C't be a vector of Fourier coefficients associated
to a spherical polynomial of degréec N,. Then the linear operator

Fre:Cm—CN, [FrePli= > PuYfE), j=1....N
(lk:EIL

is calleddiscrete spherical Fourier transforifts adjoint operator

N
File: CN = C", [Flechn=) V&), (Lk) €L,

j=1
is calledadjoint discrete spherical Fourier transform

A naive implementation of the discrete spherical Fouri@gnsform and of its adjoint trans-
form for N € N arbitrary nodes and for polynomial degréec N, requiresO(N L?) flops.
However, there exist much faster algorithms. The algorittescribed in [12] and [7] calcu-
lates both transforms in an approximate way with numerioaigexity of O(L? log? L + N)
flops. We refer to this algorithm as theonequispaced fast spherical Fourier transform
(NFSFT). An implementation of this algorithm is availably a part of theNFFT-library
[8].

Analogously to the spherical case, we use for the Fourieneseze/ of a polynomialf €
L2(SO(3)) of degreel € N, the vector notatiofi € C’z, £, ., = f(I,k, k'), (I, k, k') € Jy..

11



3 Discrete Operators

Definition 3.2. [Discrete Fourier transform AoBO(B)] Letg = (g1,...,8n) be a vector of
N € N arbitrary nodeg; € SQ(3) and letf € C’/t be the vector of Fourier coefficients
associated to a polynomigle L?(SQ(3)) of degreel. € Ny. Then the linear operator

R I+1)z2, , ,
FL,g: (CJL - CN? [FL,gf]j = Z ( 27_‘_2) fl,k,k’lek (gj)7 J = 17 SRR N7
(Lkk)er

is calleddiscrete Fourier transform on $%). Its adjoint operator

H . N JL H (l+%>% - k7
Frg:CH = C* [Fclipw = o ZCjDz (),

j=1

(I, k, k") € Jp, is calledadjoint discrete Fourier transform on §.

We notice that a naive implementation of the discrete Fouransform on S@3) and of
its adjoint transform forV € N arbitrary nodes and for a polynomial degreec N, has
the numerical complexity o©O(NL?) flops. An O(L*) algorithm for the case of regular
aligned nodes witt' = O(L?) was proposed in [11], based on a separation of variables. Thi
algorithm was generalized in [17] to &(L? log® L 4+ N) algorithm that works for arbitrary
nodes, based on the nonequispaced fast Fourier transfarfhgy).

For our purposes we introduce a discrete verdign- of the operatotFi as defined in
Definition 2.6 with respect to a finite set of nodesc S*? x S%. Therefore, we abbreviate
the Fourier sequenck of a polynomialP € RL2(SQ(3)) of degreel. € N, by the vector
PecCl Ppw=Plkk) (1 kK)eJ.

Definition 3.3. Let L. € N, be a certain polynomial degree andllet S? x S? be a finite set
of nodes of the form

I'= ((hl, 1"1,1)7 (hl, 1"1,2), cee (hl, 1“1,N1),
(h27 r2,1)7 (h27 r2,2)7 sy (h27 r2,N2)7 ey (hN7 rNJVN))v

whereN, N; € N,i=1,..., N. Then we define the operatbi, » as

Frr:Ct—C' [Frrwly= > wiwdl (h)Vf(ry), (3.1)
(Lk,K)ETL

withi=1,...,N,j=1,...,N;, and call

L

Fi.. Cl -, FLF“lkk':ZZuuyz DVE(rs), (3.2)

=1 j=1

with (1, k, k') € Jy, its adjoint operator.

12



3 Discrete Operators

Discrete Fourier Slice Theorem. Now we are going to give a discrete analogue to the
Fourier slice Theorem 2.7 by decomposing the operhtor into N independent discrete
spherical Fourier transforms and an operator that is aldiagbnal and acts separately on the
harmonic spaces.

The sum in (3.1) can be rewritten in the following way:

L l
Frowliy =YY viudl(ry) =Frevil;, i=1...,N, j=1...,N; (3.3)

=0 k=—1
with
Vilk = Z Wl,—k,k’yﬁ/<hi>> i=1,...N, (l,k) € IL. (3.4)
k'=—1
Here we have used the vector notaten= (v, )k, € C't,i =1,...,N. The de-

composition of the operatdf; r will be based on the foIIowmg matrlces We define the
permutation matridl € CN/cIxNIicl py

TIX); (1k) = X(1,—k) 00

wherex € CH:IV | Furthermore, we define the matricés € CN**+D [ =0,..., N, and
V e CHzINx|JL| g5

= (yzk(hi))z’:l ..... Nok=—1,..l, V= ([Vl]i,/%'5z,i5k,ié)((l,k)eIL,izl ..... N)((k,k)ed)
The matricesv,, [ =0, ..., L, andV may also be written as
yl_l(hl) o Yihy) I ® Vg
Vl = .. ’ V= .. )
yz_l(hN) ... Yi(hy) b1 ®Vye

where the matricek, 1, | € N, are the identity matrices @@?*+1*(?+1) and® denotes the
Kronecker product.

Finally, we assume the set of nodes S* x S? to be indexed as specified in Definition 3.3
and additionally introduce the notatien= (r;1,...,r; x;,).

Theorem 3.4. The operatotF';,  satisfies the decomposition

FL,F = IIV. (35)

FL,I'N

Proof. Let L € Ny and letl’ C S? x S? be a set of nodes as specified in Definition 3.3. Then
we have, for any vector of Fourier coefficientsc C’/z, the equality

[HVW]Z}(UC) VW l —k), Z Wl kk/yl i) = Vi,l,ka 7 = 1, Ceey N, (l, k’) c [L-

k'=—1

13



3 Discrete Operators

Thus we obtain forany =1,..., N;,

Frevili= > Miludf(ry)

(Lk)eI,

= > wiedf (h)Vf(ry)

(Lk,keTL

Z wie I ( )ylk(rij) = [Frrwli;.

(Lk,keTL

The decomposition of the operatBy, 1 leads to a fast algorithm for its computation. Let
w € C’t and(p;,0;) € [0,27) x [0, 7] be the polar coordinates of the nobe € S?, i =
1,...,N. Then the vectors; € C'z,i = 1,..., N, given in (3.4) have, fofl, k) € I, the
form

!
21+ 1 , -
Vilie = g Wl,_k,k/Pl‘k |(cos 0;)e* i

47
k=—1

20+ 1
=1/ + —w, koﬂ(cos@)

20+1
4:? Z Wi e P bWy e 1ka> Pl (cos 6;).

Utilizing the three term recurrence relation (2.1) of theasated Legendre polynomials, Al-
gorithm 1 presents an implementation for the calculatiothefvectorsv; ¢ C’t given in
(3.4) with numerical complexity o©(L?) flops. In order to reduce memory consumption
Algorithm 1 does not precompute all valuB$ (cos(6;)) but organizes the recurrence scheme
such that only four values aP* have to kept in memory. Together with Theorem 3.4 we
conclude that utilizing the NFSFT for the calculationlof ,,v;, i = 1,..., N, i.e. the sum
(3.3), we obtain the overall complexity 6f( N L? + |T'|) flops for the computation df ; rw.

Letu = (uf,...,uy)", u; € CV,i =1,..., N. For the adjoint operatdf} | we rewrite
(3.2) in the following way

N
[Ff,pu]z,k,kf = Z{/i,l,—kyl (), (LkE)eJ, (3.6)

i=1

with

{’i,l,k = Z ui,jylk(rm) = Fﬁriui, 1= 1, cey N, (l, ]{3) c IL.

J=1

Again we use the vector notation = (V;;x) i xer, € C't,i=1,..., N, and mention that,
given the vectors;; € C%i, the vectorsv;, i = 1,..., N, can be computed by adjoint
NFSFTs with the numerical complexity 61(N L?log® L + |T'|) flops.

14



3 Discrete Operators

It remains to compute (3.6). Therefore, we define the vedstérs C/z,i =1,..., N, as

~ 4 ~ Nl s1 N 2l —|—1 - _ik' p; /
Wik = Vit -k V¥ (hi) =/ o [Vili—xe kplPl‘k |(cosei), Lk K)eJ, (3.7)

the computation of which is implemented in Algorithm 2. Benfing this algorithmV times
and summing up the vecto#®’ ¢ C’t,i = 1,..., N, results in the numerical complexity of
O(NL?) flops. Hence, we have the overall numerical complexit¥ofV L2 + |T'|) flops for
the application of the adjoint operatBy’ ..

Summarizing the above we obtain the following result.

Theorem 3.5.Let L € N, be a polynomial degree, and I€t ¢ S? x S? be a set of nodes
as specified in Definition 3.3. Then, for any vecterc C’* and any vectom € C', the
approximative computation &, rw and Fﬁru using the NFSFT and the Algorithms 1 and
2, respectively, has the complexity®@fN L3 + |T'|) flops, whereas a naive algorithm has the
complexity of0(|T'| L?) flops.

Algorithm 1: Computation ofv; = [ITIVw]|; € Ct givenin (3.4).

input :w € C’t

pi € [0,271’)

0; € [0, ] / = polar coordinates of the nodes h; €S2 «/
output: v; = [IIVw]; € C'z
Piag — 1 /* Add P(?(cos(ei)). */

Vi,(0,0) <~ W0,0,0

P’ «— Pyiag; P"" <0 I+ Add PP(cos(6;)), 0<I<L. =/
fori«—1,...,Ldo

P 2l cosg; - P — L. p

P'— PP «— P

for k — —1,...,ldo

Vi(l,k) < Wi,—ko P

end

end

for ¥ <~ 1,...,Ldo
Piiag < Pdiag* 1/ 2’;/,;/1 sin 6; /* Add Plf,/ (cos(0;)), 0<Kk' < L. =/
for k «— —k’,... k' do
Vi, (k' k) < Vi, (k' k) T (Wk',fk,k'eik/”i +Wk’,—k,fk’eiik/pi) * Piag
end

P’ — Pyiag P"" —0 [+ Add PF'(cos(6;)), (LK)elIn, O0<K <l =/
foril =%k +1,...,Ldo

20—1 -k —1)(14+k"—1
P Aol costy P - [UEDD

P" — PP —P
for k=—1,...,ldo
Vi(1,k) < Vi,(L,k) T (Wl,fk,k/cik,pi +wl,—k77k/07iklpi> p
end
end
d

en
for (l,k)) ey dovi,(l,k) — 4/ 22;1"1',(1,16)

15



3 Discrete Operators

Algorithm 2 : Computation of#’ € C’* fromv; € C'+ as defined in (3.7).
input :¥; € ClL
pi € [0,271’)
0; € [0, ] / = polar coordinates of the nodes h; €S2 «/
output: w* € C/t
Piiag — 1 [+ Comp. of P{(cos(6;)). */

‘7"6,0,0 —Vi,(0,0)

P’ — Pjjag P"" — 0 I+ Comp. of PP(cos(6;)), 0<I<L. */
fori«—1,...,Ldo

Ph%cos@i-P’—l*Tl-P”

P’ — PP —P

for k — —1,...,ldo

W%,k,o —Viq,-k P

end

end

for ¥ —1,...,Ldo

Piiag — Paiag- 1/ 2572 sin6; I+ Comp. of P (cos(6;)), 0<Kk <L. =/
for k= —k',..., k" do

. N s
Wi ewr = Vi~ P Piag
~ ~ ik’ .
Wi gk Vi (k' ,—k)€* P - Piag
end

P’ — Pyiag P"" — 0 I+ Comp. of P} (cos6;), (IL,k')elr, 0<k <l =/
forl «— k'’ +1,...,Ldo

’ 7
P %51/2 cos 0; - P! — | LT DL 21 prr

P’ — PP P
for k — —1,...,ldo

- N o
Wik Vi (l,—k)® Wi p

~ ~ ng .
Wi k—k Vi,(lfk)clk Pi. P
end

end

end
for (I,k,k') € Jpdow!, ., — \/7 %‘7"; k,k’

Numerical Inversion of the Radon Transform. Next we are going to combine the
discrete Fourier transforms introduced in the previousi@edn order to derive numerical
methods for the inversion of the Radon transform or{80OBy Theorem 2.11 the operators

Rf,r = ]:SO(S)M_ITLL?F and Rﬁf = ]:30(3)'/\/‘_171}}

provide finite dimensional approximations of the inversel®&atransfornik ~!. Since a fast
algorithm for the Fourier transforthsqs) exists (cf. [11, 17]), we focus on the computation of
the operator§ ", and7/%%.. To be precise we emphasize now the dependence of the agerato
7"t andT%. on the weight3V: (?(J) — (*(J) and introducéW < C’+*’* as its canonical
restriction to an operator acting betwe@y andC’z.

Restricting the minimization problems (2.16) and (2.18)heir effective domains and
ranges Lemma 2.8 and Lemma 2.9 may be rewritten using thestisoperatord'; r and
W.

16



3 Discrete Operators

Lemma 3.6. LetI" c S? x S? be a finite set of nodes and I&t € N, be a polynomial
degree such that the operat@y’;, is well defined. Then for any functidghe C(S* x §?) the
minimization problem

wh = argmin W |3y (3.8)

{weC/L |Fp rw=P(I) }
has a unique solutiow” e C”*, which coincides witl7;";. P in the sense of
le,gk,k’ = TL]?rp(la kK, (LkK)eJp. (3.9

Lemma 3.7. Assume that the set of nodés- S? x S? and the polynomial degrek € N, are
chosen such that the operat®}’. is well defined. Then for any functidhe C(S* x S?) the
minimization problem

wh = argmin |[Frw — P(D)|2 + w3y (3.10)

weC/L
has a unique solutiow” € C”», which coincides witl7;/%. P in the sense 03.9).

The minimization problems (3.8) and (3.10) can be numdyicalved by the CGNE and
the CGNR algorithm, respectively, cf. e.g. [20], which sin a fast numerical method for
the approximate calculation of the inverse Fourier tramsf@ in the range of the Radon
transform. More precisely, we obtain from Theorem 3.5 tHiefang result.

Theorem 3.8.Let L € N, be a polynomial degree and assume that the set of Hodes? x S?
has the structure as described in Definition 3.3. Theh= 7/%.P or w” = 7/";.P can be
computed by the CGNR or CGNE algorithm, respectively. Ma@edoth algorithms can be
implemented such that each iteration step has the numexicaplexity o (N L2+ |I'|) flops.

The complexity ofO(N L3 + |T'|) flops for a single iteration step using the NFSFT com-
pares to the complexity ab(L? |T'|) flops of a naive implementation. Hence, the asymptotic
superiority of our algorithm depends on the quotiéntI’| /N). Next we are going to show
that this quotient can not be better th@L?).

Theorem 3.9. For the matrixF,  to be injective it is necessary thit| = SN, N; > ||
and thatN > 2L + 1.

Proof. The first condition follows immediately from the dimensidrilee matrixF;, . For the
second condition we use the decomposition (3.5) and obsieav¢he matrixVy € CNI/clxI/zl
has full row rank.J;| if and only if each blockV; has full row rank2/ + 1. In particular, we
obtain for the last block/ ;, the conditionV > 2L + 1. [ |

If O(T']) = O(]JL|) andO(N) = O(L), our NFFT based algorithm has the numerical
complexity of(’)(\F\4/3) flops per iteration which compares to the numerical complexd
O(|T)?) flops of a naive implementation.

Once the minimization problem (3.8) or (3.10) has been sbikie numerical evaluation of
R7'P(g) ~ Fif Mw"/% for a vector of rotationg = (g1, ...,gx) has the complexity of
O(L?log® L+ K) flops by applying a fast Fourier transform on @D[17]. Here the operator
M € C/t*/t denotes the canonical restriction of the multiplicatiori@tor M : ¢(J) —
().
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4 Numerical Tests

4 Numerical Tests

Letf € @fzo Harm (SQ(3)) be an arbitrary function with polynomial degree at mbst Ny,
letT' C S? x S? be a finite set of nodes and [Bt= R f(I') € C'l be a sampling of the Radon
transform of the functiory.

Let furthermorew € C’t be an approximation of the Fourier coefficientsdf computed
by one of the algorithms introduced in this paper. Then tee@pmation error for the original
function f is

[ ~7:SO(3)MW||L2(SO(3)) = ||f — Mwl,, (4.1)

where
T

V241

is the discrete version of the multiplication operaftef introduced in 2.7. In this section we
analyze the error (4.1) in dependency of the set of nddes: and the polynomial degrele
in numerical experiments.

M =diagm), m e R~ my; . = (LkK) € Jp.

General Setting.  First of all we construct approximative equidistributidmse S?, i =
1,...,2Nandr; € S*, j = 1,...,N', N' = (N/2)? on the sphere following [2] such that
h; = —h;,y,i=1,..., N, and define the set of nodEs; y» C S* x S? as

Tyn ={(hyr;) €S?*xS* |i=1,...,N, j=1,...,N'}.

The reason to include only one of the vecthrs—h;, i = 1,..., N, at time into the set of
nodesl'y y- is the symmetry property (2.10) of the function we are gomgample.

Second, we randomly generate Fourier coefﬁcigﬁ(\tsk, k' e C, (l,k, k') € Jp by taking
a |J|—-dimensional random sample of the uniform distribution loa discD = {2z € C |
|z] < 1} and dividing it by(l + 1)?, 1 = 0,..., L. This ensures a decay of the Fourier
coefficients ofO(I72). In general this decay rate assured continuity of the cpaeding
function and its Radon transform (cf. [6, Lemma 2.22]).

Third, we evaluate the Radon transfofy of the functionf specified by its Fourier coef-
ficients f at the node§ v v/, i.e., we calculate

P, =P(hr)= > JE(Z kK () VE ().

(l7k7kl)€JL

\/2l +1

In a fourth step we apply the CGNE and CGNR algorithms to tha&mization problems
(3.8) and (3.10), respectively, and calculate the vestdrs= 7,/ Pandw” = 7% P.
Hereby, we utilize Theorem 3.4 for fast multiplicationswihe matrleL Iy The weight
matrix W € Cl/:Ixl/zl is the zero matrix in the case of the CGNR, and the identityrisnat
the case of the CGNE algorithm.

Finally, we calculate theelative residual normgP — F r w"/f||, /||P|/, and therel-
ative(2-errorsin the Fourier spacf — MwE/E|, /||f||2 which, according to (4.1), are equal
to therelative approximation errof| f — Fsoz)Mw?/ ||L2(50(3 /L f 1 p2som)) I L*(SQO(3)).

18



4 Numerical Tests

For each choice of,, N and N’, we repeat the steps above ftr times and take the
geometric means of the resulting relative residual nornalssgaproximation errors, which we
call mean relative residual normndmean relative approximation errprespectively.

Numerical Results.  All calculations have been executed on computers of "TSPyS- S
teme”, each of which has an AMD Athlon 64, 3000+ processog, Blb RAM with SUSE
Linux 10.

For the concrete numerical experiment we have chosen tyaqoiial degreed. between
5 andg80, and sets of noddsy y- with N = 11,...,308, N’ = 34,...,23898. In Figures 4.1
the (mean) relative residual norms and approximation gri@rthe CGNR based algorithm
are plotted for any combination of the polynomial degieand the set of noddsy y-.
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N,
Figure 4.1: The relative residual norfl® — ¥, rw’|, / |P]|, in L?(SQ(3)) and the relative
approximation erroi| f — Fsoa MW 2 sy / I1f | 2sasy In L*(SO3)) of the CGNR
based algorithms for polynomial degrees= 5 (—+—), L = 10, (--+-) L = 20 (-+),
L =40 (—©—), L =80 (--©-). The dimension$J, | € {286,1771,12341,91881, 708561}
compares to the cardinalitieSy n/| € {374, 3588, 18860, 206816, 1143736, 7360584 } of the
sets o nodes.

We observe that the relative residual norms in most casesesmall showing the conver-
gence of the algorithm. The peaks in the case$'gfy/| ~ |.J.| indicate that the underlying
matrices are ill-conditioned. By construction of the sdtsades the conditiofnl y n/| ~ |J|
implies in particulatV’ ~ |I,|. Furthermore, we see that the original functjooan be recon-
structed, provided the number of nodes is large enough. |di@e@sely, we observed that, if
f can be reconstructed with a certain set of nddes, thenf can also be reconstructed with
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5 An Application to Texture Analysis

each set of nodesy;, 5, under consideration such that> N andN’ > N’. Interestingly, the
CGNR algorithm behaves well even in the cases With y/| << |JL|.

The results for the CGNE based algorithm are not given heigey Bhow up a similar
behavior except that the relative residual norms and theoappation error becomes worse
if the number of nodes becomes too large. This is due to thehatthe CGNE algorithm
require§I'y /| < |JL].

Runtime. In order to compare the performance of the NFSFT based #igoviith a direct

approach we measure the computation time of a forward wamdf ;, - using the NFSFT and
a direct implementation, respectively. Using the samematarsl, N, N’ as in the previous
experiment we observe that the NFSFT based algorithm igamiiely faster. As Table 4.1
shows the difference in runtime between the NFSFT baseditigoand the direct algorithm
increases as the polynomial degree increases.

Parameter Runtime in sec.

L N N’ fastalg. directalg.
10 23 156 0.25 0.61
20 41 460 1.22 6.30
40 92 2248 8.38 233
80 164 6974 60.5 5092

Table 4.1: Runtime comparison between the fast algorithimgue NFSFT and the direct
algorithm.

5 An Application to Texture Analysis

The Radon transform on $@) is of central importance for the analysis of crystallogtiaph
preferred orientations, the technical term of which isuextanalysis cf. [24]. It establishes
the relationship between the so calledentation density functiofODF) f: SO(3)/G — R,
which models the distribution of crystal orientations witla polycrystalline specimen and
the so callecbole density functioPDF) P: S?/G x S* — R, which models the distribution
of crystallographic lattice planes within the specimen.reHg@ C SQ(3) denotes a finite
subgroup of S@3) which represents the crystal symmetries. In terms of theoR&@nsform
the relationship between the ODFe L*(SO(3)/G) and the PDRP € L*(S?/G x S?) of a
specimen reads as

1
P(h,r) = 3 (Rf(h,r) + Rf(=h,r)). (5.1)
PDFs can experimentally be sampled by diffraction techesdike X-ray, neutron, or syn-

chrotron diffraction, whereas ODFs cannot directly be meas by these techniques. A cen-
tral problem in texture analysis is the estimation of the QID& specimen given its measured
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5 An Application to Texture Analysis

PDF cf. [1]. Of particular importance are the lower order fkewucoefficients of the ODF since
they characterize the macroscopic properties of the sgagieng. the second order Fourier co-
efficients characterize thermal expansion, optical réifsadndex, and electrical conductivity
whereas the fourth order Fourier coefficients charactéhnizelastic properties of the specimen
cf. [1, sec. 13].

By Proposition 2.4 we have the following relationship betwehe Fourier coefficients of
an ODFf € L*(SQO(3)/G) and the corresponding PDIF € L*(S?*/G x S?),

_ ¢ / = f l7 ka K l even
P = fRMeverfs&g)fv Mevenf (1, k, k') = {gﬁf( ) [ odd

In particular, the odd order Fourier coefficients of the OPEannot be reconstructed from
the PDFP without additional modeling assumptions.

In order to apply our algorithm to the PDF — to — ODF inversioolgpem we fix the trigonal
crystal symmetry groug C SO(3) (cf. [1]) and define a set oV = 37 different directions

<o (0 (0- () (- () (- () (- () (D) =10

The nodes;, j = 1,...,N', N' = 9791 we choose independently as an approximative
equidistribution on the hemisphe$é and define the set of nod€sanalogously as in Section
4 as

F:{(hi,rj) ‘ izl,...,N, jzl,,N/}

The construction of the sampling set reflects practical expntal settings that are restricted
to many directions:; but only few directionsh,;. As a consequence, only the Fourier coeffi-
cients of the lowest order can be determined (cf. Theorem 3.9
Proceeding as in Section 4 we randomly generate Fourieficieets f (I, k., k'), (I, k, k') €
Jr,, Up to the polynomial degrek, = 128 with decay rate?(/~*) and simulate a sampling
of the corresponding PDF by calculatii®y = FLO,rMevenf. For arbitrary non polynomial
functions on S@3) the decay rat€(I~*) of the Fourier coefficients ensures that the function
is continuously differentiable. Applying the CGNR algbmt with L = 0,2,...,32 to the
sampleP € R we obtain Fourier coefficieni® € C”=. In fact, we use a modified version of
the CGNR algorithm which ensures that the compon®qjs, of P with  odd become zero.
The weight matriXW is the zero matrix. By setting
-1/2
2
) (5.2)

l
e(L,1) = ( SRy - YR
kk'=—1 T

we compute the relative error between the calculated andhiti@ Fourier coefficients of
the ODF separately for each harmonic space HE@@®(3)), I = 0,..., L. Obviously, we
haves(L,l) = 1 in the case that > L or [ is odd. In Figure 5.1a the relative errard., ),
1=0,2,..., L are plotted for different maximum polynomial degrdes N of calculation.

According to Lemma 3.9 and [1, sec. 4.2.2.1] the maximummparyial degrees up to which
the Fourier coefficients can be reconstructed given the kagnp is [ = 18. However, our

D s
Pliw

2\ 1/2 !
) (Z ‘f(l,k:,k:’)

kk'=—1
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6 Conclusions

Reconstruction error € (L, 1)

Order 1
(a) set of node¥ with N = 37, N’ = 9791

Reconstruction error € (L, 1)

Order 1
(b) set of node§ with N = 73, N’ = 9791

Figure 5.1: The approximation erref L, [) of the Fourier coefficients of a function with
polynomial degred., = 128 sampled at a set of nod&sin dependency of their ordérand
the total bandwidth used for approximatién= 0 (—+—), L =2 (--+-), L = 4 (~+),
L=8(-©),L=16(--©"-),L=32("O").

numerical experiments show that the polynomial degree wpghich the Fourier coefficients
are reconstructed is in general lower. In our example thecxppation errors(L,[) is sig-
nificantly lower thanl only for the ordersd = 0,2, 4. Interestingly, the approximation error
e(L, 1) decreases as the bandwidth= 0, 2, ..., 32 used for the approximation of the Radon
transform increases.

In a second experiment we have chosen cubic crystal symraathyv = 73 different
directionsh; € S% i = 1,..., N. For this setting the maximum polynomial degreeis
According to Figure 5.1b we came quit close to this bound. @begervation that(L,!)
increases with increasing= 0,2, ..., L is due to the decay rat®(I~*) of the generated
Fourier coefficientg?(l, k, k") implying that the denominator in (5.2) decreasesgiasreases.
Again we mention that the approximation errqi, 1), | = 0,2,...,16 of the low order
Fourier coefficients decreases as the bandwidtiicreases.

6 Conclusions
Analogously to the classical Radon transform in Euclidgaarcss the representation of the

Radon transform on S@) in Fourier space has been shown to lead to a fast algorithitsfor
inversion. Primarily the Fourier space representaticovadlto define a discrete inverse Radon

22



7 Acknowledgments

transform as the solution of a minimization problem. Apptyfast Fourier transforms ¥
and S@3) it can iteratively be solved with standard algorithms. Nus tests have con-
firmed the convergence of CGNE and CGNR based algorithmgfmoariate assumptions.

As with respect to the practical application in texture dsigywe have shown that the clas-
sical “harmonic method” can largely be improved. The first lorder Fourier coefficients
which are required to compute antipodally symmetric mamypg specimen properties from
the corresponding single crystal properties are betteroxppated if the polynomial degree
of the ansatz function is much larger than commonly used agtjioners of texture analysis.
The frequently heard objection that large polynomial degneesult in numerical instability
and eventually in unreliable numbers is obsolete.
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