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Zusammenfassung

Wir untersuchen einen Algorithmus fiir eine Variante von Modelchecking. Das
Problem des verallgemeinert fairen Modelcheckings besteht darin, fiir ein endliches
Modell eines verteilten oder reaktiven Systems und eine temporale Spezifikation zu
iiberpriifen, ob eine Fairnessannahme (in einem wohldefinierten Sinn) existiert, so
dass das Modell unter dieser Fairnessannahme die Spezifikation erfiillt. Der von
uns betrachtete Algorithmus zur Lésung dieses Problems (vorgeschlagen von Cour-
coubetis und Yannakakis [1995]) erlaubt Spezifikationen in propositionaler linearer
temporaler Logik (ohne Vergangenheitsoperatoren).

Der bisher bekannte Korrektheitsbeweis basiert auf wahrscheinlichkeitstheoreti-
schen Uberlegungen. Wir erarbeiten einen alternativen Beweis, der auf einer spiel-
theoretischen Sichtweise aufbaut. Unser Korrektheitsbeweis hat eine modulare Struk-
tur, die es erleichtert, den Algorithmus zu verbessern sowie Grenzen des gewéhlten
Ansatzes aufzuzeigen. Wir nutzen dies, um den Algorithmus zu erweitern, so dass
er auch Spezifikationen in temporaler Logik mit Vergangenheitsoperatoren erlaubt.

Wir definieren eine Teilmenge temporaler Spezifikationen, die Sprache der Muller
Formeln, und erweitern den Algorithmus, so dass er das verallgemeinert faire Model-
checking Problem in Linearzeit 18st, falls die Spezifikation eine Muller Formel ist.
Zuvor bendtigte der Algorithmus im schlechtesten Fall exponentielle Zeit in der
Groke der Spezifikation, selbst wenn man sich auf Muller Formeln als Spezifika-
tionen beschrénkte. Dieses Ergebnis ist iiberraschend, da wir auf der anderen Seite
zeigen werden, dass das gewdhnliche Modelchecking Problem fiir Spezifikationen, die
sich durch Muller Formeln ausdriicken lassen, co-NP-vollstdndig ist. Dies ist das
erste uns bekannte Beispiel fiir eine natiirliche Menge von Spezifikationen, fiir die
sich die Komplexitit von gewéhnlichem und verallgemeinert fairem Modelchecking
unterscheiden.

Falls ein System seine Spezifikation nicht erfiillt, so erzeugen viele Algorithmen fiir
traditionelles Modelchecking einen so genannten Beleg; das ist ein Lauf des Systems,
der die Spezifikation nicht erfiillt. Belege unterstiitzen die Entwickler darin, Fehler
zu lokalisieren und zu beheben. Wir schlagen eine Definition fiir Belege im Kontext
des verallgemeinert fairen Modelcheckings vor und erweitern den Algorithmus, so
dass er seine Ausgabe durch einen Beleg begriindet.






Abstract

We examine an algorithm for a variation of model checking. The task of gener-
alised fair model checking is to check, for a finite model of a concurrent or reactive
system and a temporal specification, whether there exists some fairness assumption
(in a well-defined sense) such that the model satisfies the specification under this
fairness assumption. The algorithm for this problem which we consider (proposed
by Courcoubetis and Yannakakis [1995]) allows specifications in propositional linear
temporal logic (without past operators).

The original proof of correctness is based on arguments of probability theory.
We develop an alternative proof by analysing the algorithm from a game-theoretic
point of view. Our proof of correctness has a modularised structure, which makes
it easier to find extensions that improve the algorithm and to figure out limitations
of the approach the algorithm follows. We take advantage of this, when we develop
techniques that allow the algorithm to handle specifications in temporal logic with
past operators.

We define a subset of temporal specifications, the language of Muller formulae, and
extend the algorithm such that the generalised fair model checking problem is solved
in linear time, provided the specification is a Muller formula. Before, the algorithm
required, in the worst case, exponential time in the size of the specification, even if
we restrict us to Muller formulae as specifications. This result is surprising, because,
on the other hand, we show that the traditional model checking problem for Muller
formulae is co-NP-complete. This is the first example we are aware of where the
complexity of traditional, and generalised fair model checking differ.

If the system violates its specification, many algorithms for traditional model
checking generate a witness; that is a run of the system that violates the specifi-
cation. Witnesses support the developers in finding and eliminating errors in the
model. We propose a definition of witnesses in the context of generalised fair model
checking and extend the algorithm such that its output is supplemented by a witness.
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1. Introduction

Today, in many applications failure of hardware or software is unacceptable: elec-
tronic commerce, highway and air traffic control systems, medical instruments, nu-
clear power plants, rocket control computers and other examples, too numerous to
list. Simulation and testing are very powerful in early stages of debugging, when
there are still many bugs. But specially in the case of concurrent or reactive sys-
tems, it may be rarely possible to find all the more subtle bugs of a design with these
techniques. A very attractive alternative to simulation and testing is the approach
of formal verification. While simulation and testing only checks if some runs of a
system meet a desired specification, leaving open the question of whether some of
the remaining runs may contain the fatal bug, formal verification methods perform
an exhaustive examination of all possible runs. During the last three decades, a lot
of effort has been put into the investigation of model checking. Traditional model
checking is the task of checking whether, for a linear-time temporal specification X,
each run of a finite system satisfies X. Model checking is now becoming widely used
in industry as a practical verification technique.

Sometimes the system does not satisfy the desired specification, but the runs that
violate it seem to be artificial. As an example, suppose that a specification for
Dijkstra’s dining philosophers requires starvation freedom; however, a philosopher
may starve because at each moment one of his neighbours is eating such that he
never can pick up his two forks at a time. Although such runs exist, it seems that
they can be neglected in many applications. There exist solutions for this example
that meet starvation freedom, but it has been shown that for several problems this is
not the case, because a system satisfying its specification is impossible, too expensive
to obtain or inefficient (cf. Fich and Ruppert [2003]). In these cases, we would be
content with a system where "almost" all runs satisfy the specification.

One possibility of formalising "almost" is to require that, for a certain fairness
assumption F' and a desired specification X, each run satisfies F' = X. This prob-
lem is called model checking constrained by some fairness assumption and has been
discussed, e.g., by Lichtenstein and Pnueli [1985]. However, in practice it may be
difficult or expensive to find and specify a suitable fairness assumption.

Most fairness assumptions demand that some choice is taken sufficiently often if
it is possible sufficiently often. They differ in the definition of "choice", "sufficiently
often" and "possible". Vélzer et al. [2005] propose a game-theoretic characterisation
of all fairness assumptions based on the idea that a property is a fairness property
if it can be realised by a scheduler that infinitely often gets control over the system.
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1. Introduction

All popular fairness notions satisfy the definition, the proposed family of fairness
assumptions is closed under superset and countable intersection, and it is, in a sense,
the largest family having this property. Thus, an alternative way of formalising that
"almost" all runs of a system satisfy a desired specification X is to require that there
exists a fairness assumption F' according to Volzer et al. [2005] such that each run
satisfies F' = X. We call this the problem of generalised fair model checking.

There is a third approach of formalising "almost" which requires that the set
of runs that satisfy the specification has probability one. This is the qualitative
probabilistic model checking. One might object that, for instance in the example
of Dijkstra’s dining philosophers, it might be hard to justify a concrete probability
measure in practice. However, it is a well-known fact that, under weak assumptions,
the concrete probability measure does not influence whether a specification is met
with probability one. Varacca and Vélzer [2006] show that, under weak assumptions,
the specification is satisfied with probability one if and only if it is satisfied under
some fairness assumption according to Vélzer et al. [2005]. Thus, generalised fair
model checking and qualitative probabilistic model checking coincide.

Vardi [1985] shows that generalised fair model checking with automata specifica-
tions, i.e. specifications given by Biichi automata (cf. Thomas [1990]), is PSPACE-
complete in the size of the specification and can be solved in polylogarithmic space
in the size of the system. As a rule, systems tend to be large and specifications to be
short. Thus, the high complexity might still be acceptable for short specifications.

There are algorithms of the generalised fair model checking problem for various
fragments of propositional linear temporal logic (LTL) (cf. Emerson [1990]). For
the fragment that allows only the temporal operators X (next) and < (eventually),
Vardi and Wolper [1986] give an algorithm that runs in exponential time in the size
of the specification and linear time in the size of the system. Pnueli and Zuck [1986]
propose an algorithm for the fragment of LTL allowing the temporal operators X
(next), strict eventually, Y (yesterday) and S (since) that runs in exponential time
in the size of the specification and quadratic time in the size of the system. Varacca
and Volzer [2006] develop a method for reactivity formulae (cf. Manna and Pnueli
[1990]) requiring polynomial space. If the specification is a state reactivity formula,
their method runs in linear time.

Courcoubetis and Yannakakis [1995| show that generalised fair model checking
can be solved in exponential time in the size of the specification and linear time in
the size of the system, or, alternatively, in polynomial space. They develop three
algorithms having the same complexity, one for LTL specifications, one for automata
specifications and one for specifications in an extended temporal logic (cf. Wolper
[1983] and Wolper et al. [1983]). As Vardi [1985] shows PSPACE-hardness for each
of these specification formalisms, their algorithms are optimal.

Couvreur et al. [2003] develop a translation that maps an LTL specification to an
exponentially larger special type of automata specification, which can be computed
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in exponential time in the size of the LTL specification. They then show that the
generalised fair model checking problem with this special type of automata specifica-
tion can be solved in linear time. Thus, they construct an automata based algorithm
for LTL specifications meeting the same time bounds as the related algorithm of
Courcoubetis and Yannakakis [1995].

The opposite way, i.e. translating automata specifications to LTL specifications,
is impossible, as automata specifications are strictly more expressive than LTL spec-
ifications (cf. Wolper [1983]).

As an alternative specification formalism, Bustan et al. [2004]| examine the so
called alternating Biichi infinite-word automata (ABWSs). As the motivation for
using ABWs they mention that ABWs have the full expressive power of automata
specifications. Fortunately, an LTL specification can be translated to an equivalent
ABW in linear time. They give an algorithm for the generalised fair model checking
problem with ABW specifications running in exponential time in the size of the
specification and linear time in the size of the system, or, alternatively, polynomial
space. Thus, the additional expressive power comes at no penalty.

The discussion if LTL specifications or specifications in computation tree logic
(CTL specifications) (cf. Emerson [1990]) are better suited for model checking goes
back to the early 1980s. We do not consider CTL specifications, as we believe,
following Vardi [2001], that this logic has several disadvantages for the purpose of
model checking. However, the branching time logic CTL* (cf. Emerson [1990]), an
extension of CTL and LTL, is an interesting candidate for a specification language.
Varacca and Volzer [2006] give a definition for generalised fair model checking with
specifications in CTL* and illustrate how an algorithm for LTL specifications can
easily be extended to an algorithm for CTL* specifications.

As far as we know, none of the algorithms above, apart from the techniques of
Couvreur et al. [2003], has been implemented, yet. The question arises, which one
can be realised with a good relation of benefit and cost. We exclude the algorithms of
Pnueli and Zuck [1986], Vardi and Wolper [1986], and Varacca and Vélzer [2006] from
further considerations, as they do not allow arbitrary LTL specifications. Among
the remaining approaches, the algorithms of Courcoubetis and Yannakakis [1995] for
LTL and automata specifications are the simplest ones. Because propositional linear
temporal logic is more popular and more intuitive than Biichi automata, we have
decided to examine the algorithm of Courcoubetis and Yannakakis [1995] for LTL
specifications.

When Courcoubetis and Yannakakis [1995] developed their algorithms, it was not
known that qualitative probabilistic, and generalised fair model checking coincide.
Therefore, their proof of correctness is based on Markov chains. We provide an
alternative proof based on path games, an important notion in the characterisation
of fairness assumptions of Volzer et al. [2005]. We leave it to the reader to decide
which proof is more intuitive and easier to understand.

13



1. Introduction

As a consequence, we show that there is one algorithm for both generalised fair,
and qualitative probabilistic model checking. On the one hand, the algorithm ac-
cepts a system and a specification iff a run of the system meets the specification
with probability one. On the other hand, the algorithm accepts a system and a
specification X iff there is a fairness assumption F' according to Vélzer et al. [2005]
such that each run of the system satisfies F' = X. This shows independently from
Varacca and Volzer [2006] that generalised fair, and qualitative probabilistic model
checking coincide. (Nevertheless, we also give a detailed proof of this fact based on
the arguments of Varacca and Volzer [2006].)

Moreover, our proof of correctness has a modularised structure. This makes it
easier, on the one hand, to find extensions that improve the algorithm and, on the
other hand, to figure out which aspects cannot be improved anymore.

We consider the question of how to improve running time for a restricted set of
specifications. For this sake, we define the language L(O<) of Muller formulae and
prove that the generalised fair model checking problem with such specifications can
be solved in linear time in the size of the system and the specification. This is mainly
based on a characterisation of a fundamental semantical property of Muller formulae.
We show that, in contrast, checking whether each run of a system satisfies a Muller
formula is co-NP-complete. This is surprising, as it is the first example we are aware
of where the complexity for generalised fair, and traditional model checking differ.

We extend the algorithm of Courcoubetis and Yannakakis [1995] by the techniques
for Muller formulae and show that if the specification contains Muller formulae then
the upper bound of running time is basically improved by an exponential factor in
the summarised size of these Muller formulae. Moreover, we prove formally that,
roughly speaking, the running time of the new version, is bounded by the running
time of the old version of the algorithm.

We also tried to enlarge the set of specifications for which the generalised fair model
checking problem can be solved in linear time. A natural superset of L(O<) is L(O),
the fragment of propositional linear temporal logic that only allows the temporal
operators O (always) and < (eventually). However, we could only prove a negative
result: generalised fair model checking for specifications in L(O) is co-NP-complete.

If a model checking algorithm figures out that a system does not satisfy its spec-
ification, the question arises why this is the case. It is desirable that the algorithm
explains its result in a way that humans can understand. Therefore, in the case of
a negative result, a lot of algorithms for traditional model checking create a run of
the system that violates the specification. Such a run is called a witness. In the case
of generalised fair model checking, it would also be convenient to compute such a
witness. However, as long as the problem is examined with the methods of prob-
ability theory, it is hard to find a suitable definition of a witness. In the negative
case, we just know that the set of runs that violate the specification has a positive
probability. It remains difficult to find a suitable representation of this set. With the
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game-theoretic characterisation developed by Varacca and Vélzer [2006], the situa-
tion becomes different. We use this characterisation to propose a formal definition
of a witness in the generalised fair model checking problem. Moreover, we develop
an extension of the algorithm that allows to compute such a witness.

As specifications with past operators in many cases are more intuitive than equiva-
lent specifications without, we introduce methods for handling past operators. (The
original algorithm of Courcoubetis and Yannakakis [1995] only allows future opera-
tors.)

Several times we use the fact that state fairness is complete for L(O); i.e., if
a specification in L(O) holds under some fairness assumption, then it holds under
state fairness. Zuck et al. [2002| illustrate how this can be derived from a theorem
of Pnueli and Zuck [1993]. In this document, we provide an alternative, direct and
detailed proof.

This document is organised as follows. In Chapter 2, we introduce preliminary
notions. Our version of the model checking algorithm is described in Chapter 3. The
computation of witnesses is discussed in Chapter 4. In Chapter 5, we reflect about
future work. In the Appendix, we sketch our thoughts on this in a more technical
way.

15
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2. Preliminaries

Throughout this document, we use the following conventions:
e The set of natural numbers inclusive 0 is denoted by N, and Nt := N\ {0}.
o We fix a set AP of atomic propositions.

e The complement of a set A w.r.t. a universe which becomes clear from the
context is denoted by A€.

e The operator x stands for the flat Cartesian product. Therefore,
(AxB)xC=AxBxC=Ax(Bx(),

where A, B, C are arbitrary sets. For ease of notation, we sometimes write
(A, B) instead of Ax B. If B = {b}, we abbreviate (A, B) by (A4,b) and (B, A)
by (b, A).

e We use standard notation from computational complexity, such as O, P, NP.
See, for example, the textbook of Reischuk [1999].

2.1. Sequences and Regular Expressions

Let @ be some finite set. A path over () is an infinite sequence over (). Finite,
possibly empty, sequences over ) are called path fragments over (). The empty
sequence is denoted by A. If not mentioned otherwise, o, 5 denote path fragments,
and z, y, paths. We call a set containing paths over Q) a linear-time property (over
Q).

Let a be a path fragment, and z an arbitrary sequence over ). Moreover, let B be
a set of path fragments, and C a set of arbitrary sequences over (). The concatenation
of a and z is denoted by az. Furthermore, BC :={py |5 € B, y € C}, aC :={a}C
and Bz := B{z}.

We define A% := {\} and, recursively, A"*! := A’A, for i € N. The Kleene
closure of A is defined as A* := (J;cy A’. Moreover, At := (J;cn+ A'. For ease of

notation, we let o’ be the unique element of {a}?, where i € N. Thus, o® = aaa,

{a}* ={\ a,aq,...} and {a}T ={a,aaq,...}.
We say that o is a prefir of z and write o C z iff z = ax, for some arbitrary
sequence x over . If @ # z and a C z, then « is a proper prefix of z, written as

17



2. Preliminaries

o C z. We define

al = {y|aCy, yisa path over Q},
zl = {B|BCz fisa path fragment over Q}.

The set a7 is called the shadow of «; the set z| contains the finite prefixes of z.
Similarly, B1:= U,BeB 67 and C|:= Uyec yl. Two sequences are called compatible
iff one of them is a prefix of the other one.

We define B¥ := (,cn(B'1) and o as the unique element of {a}*. Hence,

w

a¥ = aaa. ..

Let i,57 € N with i < j. The i-th element of z is denoted by z;. (We start counting
at zero.) Therefore, z = zp2z1 ... Moreover, z[i,j] := 2j%i41...2;, provided that z;
exists. If z is an infinite sequence, then z[i,00] := z;ziy1 ... We define |a| € N as

the length of «; that means o = g ... qjq|—1-

2.2. Graph Theoretic Notions

Let G = (V, E) be a directed graph. Here and later, we abuse notation and do not
distinguish between V' C V and the subgraph induced by V';i.e. (V' EN (V' V")).

The strongly connected components (s. c. c.s) of G constitute a partition of V. Two
vertices p, ¢ belong to the same s. c. c. iff there are sequences (p,71), (r1,72), ..., (Tn, q)
and (q, s1), (s1,52),- .., (Sm,p) over E. A b.s.c.c. (bottom strongly connected compo-
nent) K of G is an s. c. c. of G with no outgoing edges; i. e. there is no edge (p,q) € E
such that pe K and ¢ € V' \ K.

Two graphs G = (V, E) and G’ = (V', E’) are isomorphic iff there is a bijection
o0:V — V' with (p,q) € E iff (o(p),o(q)) € E'.

2.3. Systems

Let @ C AP be a nonempty set of states and — C (Q,Q) a state relation on Q
which is total; i. e., for each p € @, there exists a ¢ € @) such that p — ¢q. A valualion
function v maps each ¢ € @Q to v(q) € AP such that v(q) N Q = {q}. Given a
valuation function v and a nonempty set S C Q of starting states, ¥ := (Q, S, —,v)
denotes a system. Sometimes we need to modify the starting states of a system;
therefore, we define, given ¥ = (Q, S, —,v) and ¢ € Q, £, := (Q,{q}, —,v).

If p — g, we say that p is a predecessor of q and q is a successor of p. A path x of
is a path over @ such that zo € S and x; — x;41, for each i € N. We define path(X)
as the set of all paths of 3. The elements of path(X)] are called path fragments of
Y. We abbreviate v(zp)v(z1) ... by v(z), where z is an arbitrary sequence over Q.

Sometimes, we talk of a system in terms of a directed graph, meaning the graph

(@, =)

18



2.4. Temporal Logic

A@/\d
U J

Figure 2.1.: A system X = (Q, S, —,v). The states are represented by circles, which
are connected by arrows according to the state relation. Next to the
circle related to the state s € (), we put the state name s, and, inside
the circle, we write the elements of v(s)\ {s}. A starting state is marked
by an additional incoming arrow.

An example for a system is ¥ = (@, S, —,v) with Q := {p,q}, S := {q}, — =
{(¢,9), (a,p), (p,p)} and v(q) := {q,(}, v(p) := {p}, as described in Figure 2.1. The
paths ¢“, gp®, qqp* are paths of X, and A, qq, qp, qqqpp are path fragments of X.
The path pg“ is not a path of 3, as p is not a starting state and p - ¢. If we define
— :={(¢,9),(q,p)}, then ¥ is not a valid system, as — is not total.

2.4. Temporal Logic

We introduce propositional linear temporal logic, basically as described by Emerson
[1990]. The language of state formulae over AP is the smallest set such that the
following statements S1 and S2 hold:

S1: Each atomic proposition is a state formula.
S2: If ¢ and ¢ are state formulae, then so are £ V ¢ and —€.

The boolean operators V and — are called disjunction and negation, respectively.
There are the following types of basic temporal operators: the future operators
X (next) and U (until), and the past operators Y (yesterday) and S (since). The
operators X and Y are unary operators, and U and S are binary operators.
The language of path formulae is the smallest set which satisfies the following
conditions P1 and P2:

P1: Each state formula is a path formula.
P2: If =, ¥ are path formulae, then so are ==, ZEV ¥, XE YE, ZU ¥ and =S V.

Let ¥ = (Q, S, —,v) be a system. The semantics of state formulae is as follows.
Suppose ¢ € @ and ¢ is a state formula.

19



2. Preliminaries

e If ¢ is an atomic proposition, we have q F ¢, i.e. ¢ satisfies ¢, iff ¢ € v(q).
e Ifp=EVyY, wehave qFE @ iff g F £ or ¢ F .
o If =& we have qF ¢ iff ¢ F &.

Note that, as it depends on the underlying system Y whether g = ¢, we might write
3, q E ¢ instead of ¢ F ¢; however, throughout this document, the underlying systems
are clear from the context, and thus we can safely omit >.

The semantics of path formulae is as follows. Let x € Q¥, ¢ € N and ® a path
formula.

o If ® is a state formula, we have x,i F ®, i.e. x satisfies ® at position i, iff

o [fP==2VVU, thenz,tF®iff z,sF=Zor z,i F V.
o If  =-= then x,i F ® iff x,i F =.

o [f ®==U U, then z,¢ F ® iff there is a j > i such that x,j7 F ¥ and, for all k&
with ¢ < k < j, we have x, k F =.

o [fP=X=thenz,tF®iff x,i +1F =,

e If ®==S VU, then z,7 E & iff there is a j with 0 < j < i such that z,j F ¥
and, for all k£ with 7 < k <4, we have =,k F =.

o [fP=YZ thenx,iF®iff i >0and z,72—1F =.

Again, we do not write X, x,7 F ®, as, throughout this document, 3 is clear from
the context.

There are some common abbreviations. Let =, ¥ be path formulae and £ a state
formula. We define the conjunction =2 A ¥ := (=2 V W), the boolean constants
true := £V &, false := —true, the implication = = ¥ := ¥V -Z and the equivalence
ES VU= (E= Y)A(Y = E). The unary derived temporal operators < (eventually),
O (always) are defined by ¢ = := true U E and OZ := —(<$ —E). For convenience,
we also introduce the unary derived temporal operators O (infinitely often) and
<0 (almost everywhere) by OO = := O(<(E)) and ©OZ= := &(O(2)). For a more
elegant representation, we use the convention -—= = =.

Let ®, U be path formulae and ¢ a state formula. We write x E ®, i.e. x satisfies
O iff x,0F ®. The set sat(X, @) contains each ¢ € @ with ¢ F ¢. Analogously,
Sat(X, ®) contains each path over @) that satisfies ®. If 3 is clear from the context,
we write sat(¢) and Sat(®) instead of sat(X,¢) and Sat(X, P), respectively. As
usual, we say that ® and U are equivalent iff x F ® < x F U, for an arbitrary
underlying system ¥ = (@, S, —,v) and x € Q“.
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2.4. Temporal Logic

Path formulae are very useful for specifying the behaviour of systems. For the
moment, we say that ¥ satisfies a specification ® € L(X,Y,U,S) iff x E &, for
each path x of ¥. We list some specifications and explain, in each case, which
properties of a system are necessary such that the system satisfies the specification.
Suppose hungry and eating are atomic propositions. The specification O(—hungry)
requires a system never to become hungry. With O((Y eating) = —hungry), we
say that today the system is never hungry if it has eaten yesterday. Sometimes, it
makes sense to demand that whenever the system is hungry then it remains hungry
until eating: O(hungry = (hungry U eating)). Note that this specification also
requires that whenever the system becomes hungry then it is eventually eating. With
OO eating, we say that the system is eating infinitely often, and, with (¢O hungry) =
(O eating), that it is eating infinitely often, provided it is hungry at all but finitely
many times.

In some occasions, we want to consider formulae over a restricted set of temporal
operators. Therefore, we use a notation we found in Sistla and Clarke [1985], and
Schnoebelen [2003]. Let Uny,...,Ung be some unary, and Biny, ..., Bin, some binary
temporal operators (basic or derived). The language L(Uny,...,Ung,Biny,..., Bing)
is the smallest set which satisfies the following conditions P1* and P2*:

P1*: Each state formula belongs to L(Uny,...,Ung,Biny, ..., Bing).

P2*: If =, ¥ belong to L(Uny,...,Ung, Bing,...,Bing), then so do 2V ¥, =&, Un; =
and ZBin; ¥, for 1 <i<kand1<j </

The language L(X,Y,U,S) is the set of path formulae, that is also referred to as
LTL+past (linear temporal logic with past). Another important language is L(X, U),
called LTL (linear temporal logic). The members of L(O) are the RLTL (restricted
linear temporal logic) formulae.

Note that
L(O) = L(O,0) [CZ2 =-0-EF] (2.1)
C L(x,U,0,0) (2.2)
= L(X,VU) [OCZ=true UZ, 02 = = —F] (2.3)
c L(X,Y,U,S) (2.4)

Suppose that p,q are atomic propositions. As examples for RLTL formulae, we
mention Op and O(p = <¢). The formulae Xgq, Op A Xq and p U ¢ belong to
LTL, LTL+past but not to RLTL, as X and U cannot be derived from O and <. Tt
is even impossible to find RLTL formulae which are equivalent to X ¢, Op A Xq or
p U q. (For the cases of Xq and p U ¢, we give a formal proof of this at the end
of Section 3.6.2.) Furthermore, O(p S ¢) is an LTL+past formula, but it is neither
an LTL nor an RLTL formula. Thus, the inclusions of equations (2.2) and (2.4) are
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strict; however, for each LTL-+past formula, there exists an equivalent LTL formula
(cf. Emerson [1990]).

Finally, we introduce the subformula relation = and the substitution. The subfor-
mula relation is defined recursively. Let ©,® be path formulae. We have © <X @ iff
one of the following holds:

e O=27,
e d=Un=and ©®© <=, or
e P==BinVY,and ®© <=o0or © <XV,

Here, Un ranges over the unary temporal operators and —, and Bin, over the binary
temporal operators and V. If we write © < @, then © < ® and © # ®. Thus, ¥ < 9,
<o Ut and ¢ Ay £ (O¢) A, where ¢, 1 are state formulae.

Let ©1,02 and ® be path formulae. The substitution is defined as follows:

o If ©1 £ ®, then [®]g? := D,

o If ©1 = @, then [@]g? := O,

o If ©; < ® = UnE, then [®]g? := Un[Z]g".

o If © < ® = ZBin ¥, then [®]g? := [E]g? Bin[V]g?.

Again, Un ranges over the unary temporal operators and —, and Bin, over the binary
temporal operators and V. Hence, [( U ({ A n)}?/\n = (U ® and [C]g’/\n = (, where
¢(,n € AP and ® is a path formula.

2.5. Path Games

So far, we introduced the concepts we need to formalise systems and specifications.
Now, we spend our attention to fairness. For this, we define path games, which are
similar to the Banach-Mazur game in the literature (see Gradel [2004] or Oxtoby
[1971]). We follow the definition of Varacca and Vélzer [2006].

A path game G is a tuple (k, %, X), where k € {AE, EA}, ¥ = (Q, S, —,v) is a
system and X C Q¥ is a winning condition.

There are two players, namely Ego (E) and Alter (A). A play starts with ag = \.
In the ¢-th move (i € N), one of the players extends «; to «;+1 such that o; C
i1, and ;41 is a path fragment of 3. Ego and Alter by turns choose the new
path fragment o;41. In a game with k = E, Alter chooses ayyq iff ¢ is even. If
k = EA, then Alter chooses ;1 iff i is odd. In fact, AE and EA are abbreviations
for AFAFAE ... and FAEAFEA. .., respectively, indicating, for each move, which
player chooses the new path fragment.
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2.5. Path Games

The result of the play is the set Z :=[),cy il N path(X) containing the paths of
¥ that are compatible with «a;, for each i € N. FEgo (E) wins the play if Z C X;
otherwise, Alter (A) wins the play.

A strategy (in X) is a mapping f: path(X)]— path(X)] such that o C f(«), for
each a € path(X)]. Player P € {E, A} plays according to the strategy f iff, in each
move ¢ in which he chooses a;41, we have ;11 = f(«;). We write ZP7 for the set of
all paths that are the result of some play of G = (x, 3, X) in which player P plays
according to f. A strategy f is winning for a player (in G) iff he wins every play in
which he plays according to f.

U U

Figure 2.2.: A system X.

Consider the system Y, as described in Figure 2.2. We define the strategy f
with f(a) = aq if @ € {p}* and f(a) = « otherwise. Then, ng = {p}*q7
and Zg;lf = ¢1. Thus, f is a winning strategy for Ego in (k, X, Sat(<q)), re-

gardless of k. There are also winning strategies for Ego in (AE, Y, Sat(0< q)),
(AE, 3, Sat(O(p = ¢(g A Xq)))) and (EA, %, Sat(q)). Ego does not have a winning
strategy in (EA, Y, Sat(¢Oq)), (EA, X, Sat(O(p = Xq))) or (AE,¥, Sat(q)). But,
there are winning strategies for Alter in those games.

It is well known that linear-time properties expressible by path formulae are de-
terminate (see Berwanger et al. [2003]). This means that there is a winning strategy
either for Ego or for Alter if the winning condition is expressible by a path formula.

If « C f(«), for each a € path(X)], we call f a progressive strategy. The following
Proposition is due to Vélzer et al. [2005].

Proposition 2.1. Let G = (k, %, X) be a path game, P € {A, E}, and suppose that

f is a winning strateqy for P in G. Then, there is a progressive winning strateqy f

for P in G.

Proof. If a C f(e), then f(a) i= f(a). Otherwise, f(a) := af for some B # A such

that af € path(X)]. Hence, Z,f’f C Z,f’f. The assertion follows. O
If there is an ¢ € N such that, for each v € Q*, we have |f(a)| < |a|+¥, we say that

fis bounded. If f(ap) = af and  does not depend on «, where apf € path(X)] and

p € Q, we call f a positional strategy. In this case, f(p) is defined by f(ap) =: af(p).
The following theorem is due to Berwanger et al. [2003].
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Theorem 2.2. Let ® be a path formula and G = (k, X, Sat(®)) a path game. Then,
there is a positional winning strategy either for Ego or for Alter in G.

2.6. Large, Medium-Sized and Small Linear-Time Properties

Oxtoby [1971] illustrates that, given a system ¥ = (Q,S,—,v) and a linear-time
property X over @, Ego has a winning strategy in (AE, ¥, X) iff X is a co-meager
set in the Cantor topology relative to path(X). He also motivates that co-meagerness
is a natural notion of largeness, which we adopt in the following:

Definition 2.3. Let ¥ = (@, S,—,v) and X a linear-time property over (). We say
that

e X is large (in X) iff there is a winning strategy for Ego in the game (AE, Y, X),
o X is small (in X) iff X¢ is large (in X).
o Otherwise, if X is neither large nor small in X, it is medium-sized (in 3).

Note that X is small iff there is a winning strategy for Alter in the game (EA, X, X).
Furthermore, a determinate linear-time property is medium-sized iff there are a win-
ning strategies both for Ego in the game (EA, X, X) and for Alter in the game
(AE, %, X).

Ad/\xd/—\;dr\

o 00

Figure 2.3.: A system X.

Consider the system ¥ of Figure 2.3. Then Sat(O0< q), Sat(<CO(p V q)) are large,
Sat(s), Sat(s A X p) are medium-sized, and Sat(<COq), Sat(O<C s) are small.

In Section 2.8, we see that, under weak assumptions, a linear-time property X
is large in a system X iff it has probability one. Volzer et al. [2005] point out
that the large linear-time properties usually are considered as fairness properties
in the literature and therefore propose largeness as a characterisation of all fairness
properties. For this reason, we say that a linear-time property X is a fairness property
(or a fairness assumption) w.r.t. X iff X is large in X. A fairness notion maps each
system X to a fairness property w.r.t. 2.

Summarising, the following statements are equivalent:
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2.6. Large, Medium-Sized and Small Linear-Time Properties

e X is large in X.

e Ego has a winning strategy in (AE, %, X).

e X is a co-meager set in the Cantor topology relative to path(X).
e X is a fairness property (or a fairness assumption) w.r.t. X.

For later use, we prove some closure properties of largeness and smallness. Propo-
sition 2.4 and 2.5 are due to Vdlzer et al. [2005].

Proposition 2.4. Let ¥ = (Q,S,—,v) a system and Y, Z linear-time properties
over Q.

o IfY islarge in X andY C Z, then Z is large in X.

o IfY is small in X and Z C Y, then Z is small in X.

Proof. Both assertions follow immediately from the definition of largeness and small-
ness, respectively. O

Now, we show that largeness is closed under countable intersection and smallness,
under countable union. We assume that finite sets are countable.

Proposition 2.5. Let I # () be a countable set, . a system and X; C path(X), for
each i € I. Then, the following statements hold:

1. If X; is large, for each i € I, then so is X := \;c; Xi.
2. If X; is small, for each i € I, then so is X = J;c; X;.

Proof. 1t suffices to prove 1. in the case that I is infinite. For finite I, 1. can be
derived with Proposition 2.4. Then, 2. follows by duality.

Without loss of generality, we assume I = N. For each ¢ € N, using Proposition 2.1,
let f; be a progressive winning strategy for Ego in (AE, Y%, X;). For a € path(X)],
we define f(a) = fio/(-.. (fi(fo(a)))...). Then, X C ZEJ: for each i € N.
Therefore, f is a winning strategy for Ego in (AE,Y, X). We conclude that X is
large in 3. O

We show that, as a consequence, the intersection of a medium-sized and a large,
and the union of a medium-sized and a small linear-time property remain medium-
sized.

Proposition 2.6. Let X = (Q, S, —,v) be a system, X a medium-sized, and Y some
arbitrary linear-time property over Q. Then, the following statements hold:
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1. If Y is large, then X NY is medium-sized.
2. If Y is small, then X UY is medium-sized.

Proof. Again, it suffices to prove 1. Part 2 of the assertion follows by duality.

Due to Proposition 2.4, it cannot be the case that X NY is large, as X NY C X
and X is medium-sized. Note that X N Y€ is small, due to similar reasons. It is
impossible that X NY is small, because in this case X = (X NY)U (X NY*°) would
be small, due to Proposition 2.5. Thus, X NY is medium-sized. O

2.7. Word Fairness and State Fairness

We consider two special fairness notions: word fairness and state fairness. Let x be a
path of . We say that a path fragment o € Q7 is enabled at some state q € Q iff qo
is a path fragment of ¥,. The path fragment « is enabled at some position i of x iff «
is enabled at x;. We say that « is taken at position i of x iff & C x[i, o0]. The path
is fair w. r. t. a iff a is taken at infinitely many positions of x or it is enabled at only
finitely many positions of . The path x is word fair w. r. . X iff it is fair w.r.t. each
word a € Q*. Word fairness maps ¥ to the linear-time property WFy containing
the word fair paths w.r.t. ¥. As WF'y is the intersection of the fairness properties
{z | = is fair w.r.t. a}, by Proposition 2.5, word fairness is a fairness notion.

The path x is state fair w.r.t. 3 iff each state ¢ of X which is enabled at infinitely
many positions of x is also taken at infinitely many positions of x. State fairness
maps X to the linear-time property SF'y, containing the state fair paths w.r.t. 3. As
WFyx, C SFy, SFy is a fairness property. Hence, state fairness is a fairness notion.

A path fragment o € Q7 is reachable from a state ¢ € Q iff S« is a path fragment
of ¥, for some 8 € Q*. The path fragment « is reachable from position i of x iff «
is reachable from xz;. For a path z over @, we define

inf(z) :={qe Q| zFOOq}.

(We omit @ on the left hand side, as, throughout this document, it is clear from the
context.)

We alternatively characterise state fairness in terms of reachability or b.s.c.c.s of
>

Proposition 2.7. Let ¥ = (Q,S,—,v) a system and x € path(X). Then, the
following statements are equivalent:

1. The path x is state fair w.r.t. X.

2. Fach state q € QQ which is reachable from infinitely many position of x is also
taken at infinitely many positions of x.
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3. We have x = ay, where y € K and inf(y) = K, for some b.s.c.c. K of ¥.

Proof. We show that 1. implies 2. Suppose that x € SFy and ¢ € @ is reachable
from infinitely many positions of x. As the number of states is finite, there is a
p € @ that is taken infinitely often by x and from which ¢ is reachable. Thus, we
can choose 8 € Q* such that B¢ is a path fragment of ¥,. We show by induction
over |3| that, for each 8 € Q* and s € Q, if Bs is a path fragment of 3, then s
is taken infinitely often by z. Part 2 of the assertion follows from this. If || = 0,
then s = p. As p is taken infinitely often by x, s is also taken infinitely often by .
If |B| > 0, then, by the induction hypothesis, s := Big—1 is taken infinitely often by
z, as B[0,|B| — 2]s = B is a path fragment of ¥,. Because s — ¢, ¢ is enabled at
infinitely many positions of . Due to the state fairness of x, ¢ is taken infinitely
often by x.

We show that 2. implies 3. Suppose that x satisfies 2. We choose a € @Q* and
y € Q¥ such that x = ay and y € (inf(z))”. Note that the states in inf(z) belong
to the same s.c.c. K of ¥. Thus, y € K“. If K is not a b.s.c.c., then K has an
outgoing edge to a state which is reachable from each position of x but never taken,
a contradiction. Hence, K is a b.s.c.c. of . As each state of K is reachable from
each position of x, each state of K is taken infinitely often by x. We conclude that
inf(y) = K.

We show that 3. implies 1. If x satisfies 3., then x is state fair w.r.t. 3, as each
state outside of K is enabled at only finitely many positions of «. O

Consider again the system X of Figure 2.3. Then s¥, sp”, spgpq®” are neither state,
nor word fair w.r.t. . The path s(pq)* is state, but not word fair w.r.t. X, as pp
is enabled at infinitely many positions but never taken. In fact it is absolutely not
straightforward to define a word fair path explicitly. Nevertheless, such paths exist,
as word fairness is a fairness notion.

2.8. Probabilistic Largeness

As an alternative approach, we define largeness by means of probability theory.
(For an introduction in the basic notions of probability theory, see, for example, the
textbook of Krengel [2002].) Given a system ¥ = (Q, S, —,v), let B be the o-algebra
generated by the shadows af, where o € Q*. The elements of B are called measurable
linear-time properties. Now, let (Q“, B, 1) be a probability space. For consistency,
we require that p(al) > 0 iff a € path(X)|. The (Borel) measure u is a Markov
measure iff p(agpl |agl) does not depend on «, where aq € path(X)] and p € Q. Tt
is bounded iff there exists a constant ¢ > 0 such that u(agl |al) > ¢, for each path
fragment aq of X. As @) is finite, every Markov measure is bounded.
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A measurable linear-time property X is P-large (in ¥ w.r.t. p) iff p(X)=1. It
is P-medium-sized (in ¥ w.r.t. p) iff u(X) € (0,1). Tt is P-small (in ¥ w.r.t. p) iff
u(X) = 0.

Proposition 2.8 and Theorem 2.9 are due to Varacca and Volzer [2006]. We give
detailed proofs, which are based on their ideas.

Proposition 2.8. Let X be a measurable linear-time property and G := (AE, %, X).
Suppose that | is bounded and there is a bounded winning strategy either for Ego or
for Alter in G. Then, X is large iff X is P-large.

Proof. First suppose that X is large. Then, there is a bounded winning strategy f for
Ego in G. We define ¢ € N such that, for each a € path(X)], we have |f(a)| < |a|+2.
Let Uy := (a1 \ f(a)T) N path(X), for each a € path(X)]. Given k € N, we write
Pathy, for the set of all path fragments o € path(X)] of length k- £. We define Wy,
as the set of all paths of ¥ that are not compatible with any path fragment f(«a),
where a € Pathy. That is

U v (2.5)

acPathy

It is not too hard to see that

N U (path() \ W) € 22, (2.6)

n=0k=n

i.e. a path of ¥ that, for infinitely many k € N, does not belong to Wy, is a path of
a play in which Ego plays according to f. Thus, it is sufficient to show that the left
hand side of (2.6) has probability one. To accomplish this, we prove that, for each
n €N, Y, := g, Wi has probability zero.

For ease of notation, we set Y," := ?;nl Wi, where 0 < n < m. With (2.5), it
can easily be shown that

' = | J{ol N path(S) | a € Pathy, N Y|} (2.7)

= (J{Ua | a € Pathy 1Y} (0<n<m). (2.8)

As p is bounded, there is a ¢ > 0 such that ( T |at) > ¢, for each path fragment

aq of ¥. Therefore, we have u(f(a)T |al) > ¢ =: d > 0, for each path fragment «
of . Hence,

wUalal) =1 =p(f(@)7 |al) <1—=d  (a € path(E)]). (2.9)

We prove by induction that u(Y,*) < (1 —d)™™ ", for each m > n. For m = n, there
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is nothing to show. For m — m + 1, we have

pY) = Y ula)

a€Path,NY, ™

= > w(Ualal) - plal)

a€Path,NY; ™

(1-=d)- >  ulah)

a€Path,NY,™
= (1 =d)-pu(¥y")
< (1 o d)(m—&—l—n)7

IN

where the first line is a consequence of (2.8), the second is trivial, the third follows
from (2.9), the fourth, from (2.7) and the fifth, from the induction hypothesis. Now,
we let m — oo, which yields p(Y,,) =0. (As {Y;"},, is a non-increasing sequence,
we have limy, oo p(Y;)") = p(Yn)-)

On the other hand, suppose X is not large. Then, there exists a bounded winning
strategy g for Alter in G. Thus, ¢ is winning for Ego in (EA4, X, X¢). If we enlarge
the winning condition by the paths that are not compatible with g(\), Ego does
not need to do the first move; i.e. g is a bounded winning strategy for Ego in
(AE, X, XU (g(\)1)¢). By the part above,

1= p(XU (g(N)1)) < (X + p((g(M)1)%).

As u(g(A)T) > 0, we have u((g(M)1)¢) < 1. Thus, u(X¢) > 0, and therefore u(X) < 1.
We conclude that X is not P-large. O

Now, we are ready to show that the two notions of largeness coincide.

Theorem 2.9. Let ® be a path formula, and suppose that p is bounded. Then, the
following statements hold:

1. Sat(®) is large iff Sat(P) is P-large w.r. 1. p.
2. Sat(®) is medium-sized iff Sat(P) is P-medium-sized w.r.t. [.
3. Sat(®) is small iff Sat(P) is P-small w.r.t. p.

Proof. By Theorem 2.2, there is a positional winning strategy f either for Ego or for
Alter in (AE,X, Sat(®)). As Q is finite, the strategy f is bounded. Moreover, it has
been shown by Vardi [1985] that Sat(®) is measurable. Hence, by Proposition 2.8,
1. holds.

Part 3 follows from 1., as Sat(®) is (P-)small iff Sat(—=®) is (P-)large. Part 2 is
a consequence of 1. and 3., because Sat(®) is (P-)medium-sized iff Sat(®) is neither
(P-)large nor (P-)small. O
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2.9. Complete Fairness

Let ¥ be a system. By Proposition 2.4, each fairness property X w.r.t. X is sound,
in the sense that if X C Y then Y is large in ¥. Thus, if we show that X C Y,
then we have a proof for the fact that Y is large in X; however, there may be large
linear-time properties Y with X ¢ Y. Therefore, the largeness of Y in ¥ cannot be
shown by a proof based on X C Y.

A natural question is whether there is also a complete fairness property X w.r.t. X;
i.e., if Yislarge in X, then X C Y. Hence, if Y is large in X, there exists a proof for
this fact based on X C Y. Such a complete fairness property w.r.t. 2 has to be a
subset of the intersection over all fairness properties w.r.t. 3. But, in general, this
intersection is not large in 3, and therefore a complete fairness property w.r.t. X
does not exist:

Let ¥ = (@, S,(Q,Q),v) be a system with at least two states. For z € Q¥, {z}¢
is a fairness property w.r.t. ¥. But (,coo{2}¢ = 0 is small in ¥. (This example is
due to Vélzer et al. [2005].)

Nevertheless, if we restrict to a limited family of linear-time properties, such a
complete fairness property possibly exists. Let €2 be a family of linear-time properties,
> a system and X a fairness property in ». We say that X is Q-complete w. r.t. 3
iff X CY, for each Y € Q that is large in X.

As an example of a complete fairness property, we mention a result of Varacca and
Vélzer [2006]:

Theorem 2.10. Let ¥ be a system. Then WFx is Sat(L(X,Y,U,S))-complete
w. .t 2.

The proof depends on the fact that each path which is word fair w.r.t. X belongs

to ZfiEf, where f is a positional strategy in 3.
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Let ¥y be a system and ®9 € L(X,Y,U,S) a specification. For technical reasons,
we assume, without loss of generality, that g is reduced; i.e. each state of ¥ is
reachable from some starting state of ¥g. The task is to check whether Sat(®g)
is large, medium-sized or small in 3y. We henceforth refer to this problem as the
problem of generalised fair model checking. (Due to Proposition 2.4, Sat(®y) is large
in Xy iff there exists some fairness assumption F' w.r.t. ¥o such that F' C Sat(®y).)

We examine an algorithm due to Courcoubetis and Yannakakis [1995], which is
based on several transformations of the system and the specification each of which
preserve the degree of satisfaction of the specification (large, medium-sized or small).
We write ¥; and ®; for the system and specification after the ¢-th transformation
step. The total number of transformation steps is n. Each transformation step
reduces the number of temporal operators in the specification such that the final
specification ®,, is a state formula, while retaining how much the system satisfies the
specification (large, medium-sized or small). Thus, the original problem has been
reduced to checking whether a linear-time property expressible by a state formula is
large, medium-sized or small in a system. But this can be accomplished easily: the
linear-time property Sat(®,,) is large in a system iff it is satisfied by each starting
state, small iff it is satisfied by none of them and medium-sized iff it is neither large
nor small.

The original algorithm of Courcoubetis and Yannakakis [1995] only allows spec-
ifications in L(X,U) and does not create a witness. They proved correctness in a
probabilistic framework using the theory of Markov chains. In contrast, our proof of
correctness is based on path games; thus, we hope that it will be more understand-
able for the reader. We develop additional transformations such that specifications
containing past operators can be checked and a special transformation that improves
performance. In Chapter 4, we explain how to compute witnesses.

As the algorithm of Courcoubetis and Yannakakis [1995] contains only two trans-
formations, it was convenient to explain one of them in detail and give a sketch of the
other one. Unfortunately, in our case this is not possible, as we develop five trans-
formations which are too different from each other. On the other hand, it would be
lengthy to examine each of them from scratch, as they are too similar to each other.
Therefore, in Section 3.1), we give a formal definition of transformations and point
out properties of transformations that are necessary and sufficient for correctness.
We exploit these techniques in the Sections 3.2 up to 3.6 to develop several transfor-
mations which take part of our version of the algorithm. The methods of Section 3.1
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also facilitate the research for completely new transformations. Finally, in Section
3.7, we analyse the complexity of the algorithm.

3.1. Common Properties of the Transformations

The original algorithm of Courcoubetis and Yannakakis [1995]| chooses in each step
a subformula © of the current specification (later called feasible formula) which is of
the form & U ¢ or X &, where &, 1 are state formulae. The subformula © is replaced
by a fresh atomic proposition in the specification, reducing its number of temporal
operators. The system is blown up while retaining the degree of satisfaction of the
specification (large, medium-sized or small). We generalise this as follows:

Each transformation of systems and specifications has a set of feasible formulae.
We say that a formula is feasible if it is feasible for any of the transformations
defined in the Sections 3.2 up to 3.6. A transformation 7 maps a reduced system
Y =(Q,S,—,v), a specification ® and a feasible formula © to a new system Y/ :=
(@', S, =/, v) :=T(%,0) and a new specification &' := 7(®,0). Note that we do
not require that © is a subformula of ®.

Let 6 be a fresh atomic proposition; i.e. § A ®,0 and, for each ¢ € Q, 0 ¢ v(q).
Then, ® := [®]%. As a rule, Greek capital letters denote feasible formulae, and
Greek small letters, the corresponding fresh atomic propositions. The new system
Y/ satisfies the following basic conditions T1, T2 and T3:

(We recall that (Q,0) = Q x {©}.)

T1: We have Q' C (Q,0) U (Q,—0).
T2: The new system X' is reduced.

T3: If (¢,0) € Q’, then v'(q,0) =v(q) U {6, (q,0)}.
If (¢,~0) € @', then v'(q,~0) = v(q) U {(¢,~0)}.

We assume, without loss of generality, that each state ¢’ of ¥ is a fresh atomic
proposition; i.e. ¢ A ®,0 and, for each ¢ € Q, ¢’ ¢ v(q).

In Figure 3.1, there is a system X, and, in Figure 3.2, there is a possible new
system Y/, where © = &(n A p) is the feasible formula. Note that T1, T2 and T3
hold. If ® = ( A O(n A p), then @ = (A 6.

The projection ™ maps a sequence (xg,O¢)(x1,01)... over Q" to the sequence
Tox1 ... over Q; thus, 7 eliminates the last component from each state in a sequence.
If no confusion arises, we write = instead of 7(z"), where 2’ is an arbitrary sequence
over @'.

The transformation 7 is correct iff, for an arbitrary reduced system X2, specification
® and feasible formula O, the following conditions are satisfied:

Let ¥/ :=7(X,0) and ¢’ := T (,0).

32



3.1. Common Properties of the Transformations

I

(o

T~y

Figure 3.1.: A system X.

(Q57 ©)

m, P, Q5,9

Figure 3.2.: A possible new system ¥’ := 7(X,0), where X is as in Figure 3.1 and
© = C(n A p). (We suppose that © is feasible for 7.)
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3. Fair Checking of an LTL Formula

1. The linear-time property Sat(®) is large in X iff Sat(®’) is large in 3.

2. The linear-time property Sat(®) is medium-sized in ¥ iff Sat(®’) is medium-
sized in 3.

3. The linear-time property Sat(®) is small in ¥ iff Sat(®’) is small in X',

Note that condition 2 and 3 can be derived from condition 1; i.e. condition 2 and 3
are redundant.

Consider the systems ¥ and ¥/ of Figure 3.1 and 3.2. Again, ® := ( A O(n A p),
© := <O(n A p) and therefore ' := ( A 6. As only one of the starting states of >’
satisfies @, Sat(®’) is medium-sized in ¥'. Indeed, Sat(®) is medium-sized in %,
too: Ego wins (EA, X, Sat(®)) if he starts with q1quqs. Alter wins (AE, X, Sat(®)) if
he starts with ¢i1¢3. Thus, it may be the case that ¥’ = 7(X,0) and ® = 7(9,0),
where 7 is a correct transformation for which © is feasible.

In a transformation step, the algorithm chooses a (correct) transformation and a
subformula of the current specification that is feasible for this transformation and
contains at least one temporal operator. With this transformation, the algorithm
eliminates at least one temporal operator from the specification. Thus, it suffices to
define correct transformations such that each of £ U ¢, X &, £ S ¢ and Y € is feasible,
where £ and v are arbitrary state formulae. But before we do so, we provide some
tools which facilitate the development of transformations and the proof of correctness.

Lemma 3.1. A transformation T is correct iff the following conditions A1 and A2
hold for each reduced system X and formula © that is feasible for T .

A1: The linear-time property Sat(X',0(0 < 0)) is large in 3.

A2: Let Y be a path formula with 6,q' £ Y, for each ¢’ € Q'.
Then, Sat(X,Y) is large in X iff Sat(X',Y) is large in X'

In both cases, ¥/ := (Q',S",—',v") :=T(X,0) and 0 := T (0, 0) is the fresh atomic

proposition.

Proof. Let ¥ = (Q, S, —,v) be a reduced system, ® a specification and © a formula
that is feasible for 7. Furthermore, suppose that Al and A2 hold.

First, we prove that Sat(X,®) is large in X iff Sat(X',®’) is large in X/, where
¢’ := T(9,0). Suppose Sat(X,®) is large in X. With A2, Sat(X, ®) is large in
Y. Thus, with Al and Proposition 2.5, Sat(X', ®) N Sat(X,0(O < 0)) is large in
Y. As @ = [®]%, we have Sat(X,®) N Sat(X',0(0 < 0)) C Sat(¥', ). Applying
Proposition 2.4, Sat(X',®') is large in X'. It can be shown in a similar way that if
Sat(X, @) is not large in X then Sat(X’, @) is not large in X'.

Note that it can be derived only from A1 that Sat(¥/, @) is large in X' iff Sat (X', @)
is large in ¥/. We use this fact below.
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The linear-time property Sat(3, ®) is small in ¥ iff Sat(X, -®P) is large in X. By
the part above, the latter is equivalent to Sat(X', 7 (—®,0)) being large in ¥/. As
T (—®,0) = =®', this is equivalent to Sat(X’, ') being small in X'

Because a linear-time property is medium-sized iff it is neither large nor small, we
conclude that Sat(X, @) is medium-sized in X iff Sat(X', ') is medium-sized in 3.
Thus, 7 is correct.

Now, suppose Al does not hold for some reduced system ¥ = (Q, S, —,v) and
some formula © which is feasible for 7. First, we consider the case that © is not
a single atomic proposition. We define 6 by replacing each atomic proposition ¢
in © by ¢V (nV -m), where n # 6 is an atomic proposition with £ ©. Clearly,
® := 0(6 & 0O) is satisfied by each path of X. Therefore, Sat(%, ®) is large in X.
As © is not an atomic proposition, © A ©. Hence, ¥ := T ($,0) = 0(6 < 6). The
new formula @’ is satisfied by exactly the paths of ¥’ that satisfy O(0 < ). As Al
does not hold, Sat(X', ®’) is not large in ¥'. We conclude that 7 is not correct in
this case.

We consider the case that © is a single atomic proposition. As Sat(X',0(0 < 6))
is not large in ¥/, its complement Sat(¥X/, (O 4 6)) is not small in ¥'. Thus, there
is a state ¢’ of X' with ¢’ E © ¢ 6. Suppose ¢ F © A —6. (The other case is similar.)
Hence, ¢ E ©. Let @ := $(gA—0). As no path of ¥ satisfies @, Sat(X, ®) is small in
Y. Let @' :=T(®,0) = O(¢g A —b). Then, Sat(X,®) is not small in ¥’ as ¢’ E 6.
We conclude that 7 is not correct.

Finally, suppose A1 holds but A2 is not true for a reduced system X = (Q, S, —,v)
and some formula © that is feasible for 7. Suppose there is a path formula T with
0,q' £ T, for each ¢’ € @', such that Sat(3,Y) is not large in ¥ iff Sat(X', T) is large
in ¥, From above, we know that Sat(X,Y) is large in X/ iff Sat(X',Y’) is large in
Y. Thus, Sat(X,Y) is not large in X iff Sat(X',Y’) is large in X’. We conclude that
7T is not correct. O

Note that, for ¥ and ¥/ as described in Figure 3.1 and 3.2 and © = &(n A p), Al
of Lemma 3.1 holds. As far as A2 is concerned, the reader may figure out that, even
after a moment of serious pondering, he will not be able to give a counterexample.
In fact, ¥/ = 7y(%, ©), where 7y is the transformation described in Section 3.2. In
Section 3.2, we show that 7y is correct and hence A2 is true.

So far, the question arises if there are distinct correct transformations 7 and T
with the same set of feasible formulae. The answer is no, as stated in Lemma 3.3
below. In other words, if there is a transformation 7 such that a certain path formula
O is feasible for 7, there is no need to search for a somehow better transformation T
such that O is also feasible for 7. Under the assumption that 7 is correct, Lemma 3.3
also provides an explicit definition of the new set of states @’. Thus, when specifying
a concrete transformation 7, it suffices to define the new state relation —’ and the
new set of starting states S’, and to show that 7 is correct and satisfies T2.
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3. Fair Checking of an LTL Formula

First of all, we need some notations. We partition the set of states @) into
e QL :={q€ Q| Sat(O(q = ©)) is large in =},
e Q2 :={q€ Q| Sat(D(q = —O)) is large in X},

o Q¥ :=Q\(Q5UQY).

If © does not contain past operators, there is an alternative characterisation of this
partition:

Lemma 3.2. Let ¥ = (Q,S,—,v) be as defined above and © € L(X,U). Then, we
have:

e QL ={q| Sat(©) is large in X,},
o QM ={q | Sat(©) is medium-sized in 3},
e Q3 ={q | Sat(©) is small in %,}.

Proof. We prove the assertion in the case of Qé. Suppose that Sat(©) is large in
Y4 We show that WFy, C Sat(O(q = 0)). Let x € WF'y;, and suppose z,i F ¢. As
xfi,o0] € WFy,, we conclude, applying Theorem 2.10, that z[i,co0] F ©. Because
© € L(X,VU), we have x,i F ©. Therefore, z F O(q = O).

Now, suppose that Sat(O(q = ©)) is large in ¥. We show that WFy, C Sat(©).
Let x € WF'y,_, and choose a € Q* such that ax € WFy. Due to Theorem 2.10, we
have ax F O(¢ = 0). As O(¢g = ©) € L(X,U), z F ¢ = O. Hence, z = O.

Now, we examine the case of Q2. Note that Sat(©) is small in ¥, iff Sat(-0)
is large in X,. As the assertion holds in the case of Qf, Sat(—©) is large in %, iff
Sat(O(q = —0)) is large in X.

In the case of QY the assertion follows from the fact that Sat(©) is medium-sized
in Y, iff it is neither large nor small in . O

In Figure 3.3, we illustrate the partition of (). We consider the system X of Figure
3.1 and © = (A p).

Lemma 3.3. Let T, T be correct transformations, © a formula which is feasible for
T and T and ¥ = (Q, S, —,v) a reduced system. We define ¥’ := (Q', 5', =", v") :=
7(%,0) and X := (Q,S,=>,0) :==T(%,0). Then, Q' is the smallest set such that

. (¢,0)€Q ifgeQh,
e (¢,70) €Q if g€ QY and
e (4,0),(¢,70) € Q if g € QY.
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K’

L

Figure 3.3.: The system X of Figure 3.1. We illustrate the partition of () into Qé,
Q]g and Qg for © = &(n A p). The states in Qé have continuous, the
states in Qg[, dashed, and the states in Q%, dotted borders.

Furthermore, ¥/ = 3.

Proof. Let q ¢ Q3. We show that (¢,0) € Q. As ¢ ¢ Q3, Sat(D(q = —©)) is not
large in ¥. Thus, Sat(<¢(gA®)) is not small in X, Because 7 is correct, Sat(<O(gA0))
is not small in X', Therefore, ¥’ has a state that satisfies ¢ A 6. By the construction
of v/ (condition T3), we have (¢,0) € Q.

Now, suppose q € Q@. We show that (¢,0) ¢ Q'. As q € Qg, Sat(O(qg = —0O)) is
large in . Thus, Sat(<$(g A ©)) is small in 3. Because 7 is correct, Sat(<O(g A 6))
is small in ¥/, Therefore, >’ does not have a state that is reachable from some state
in S’ and satisfies ¢ A 6. Because of the construction of v/ (condition T3) and as X’
is reduced (T2), we have (¢,0) ¢ Q'

It can be shown in a similar way that ¢ € Qf iff (¢, —~©) ¢ @’. The first part of
the assertion follows.

As this characterisation of @’ does not depend on 7, we have Q' = Q We show
that S = S. It suffices to show S’ C S. Suppose (¢,0) € S’. Then, Sat(q A 0) is
not small in X', As 7 is correct, Sat(q A ©) is not small in ¥. Because 7 is correct,
Sat(g A 0) is not small in 3. Hence, (¢,0) € S. Analogously, (q,—©) € S’ implies
(,-©) € S.

We show that —' = 5. Again, it suffices to show —' C . Suppose (p,01) —
(q,02). Then, Sat(C(pABO1 AX(gAO2))) is not small in X. Hence, (p, ©1)(q, O2).
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3. Fair Checking of an LTL Formula

Because of Q' = Q and T3, we have v/ = 0. Putting all together, we conclude that
=3 O

Let ¥ = (Q,S,—,v) and ¥ = (Q',S’,—',v') be the systems of Figure 3.1 and
3.2, and © = &(n A p). Then, @' consists of the states announced in Lemma 3.3.
Note that @' and v’ can immediately be derived from Lemma 3.3 and T3, but it is,
in general, not straightforward to find appropriate S’ and —'.

3.2. The Transformation 7y

For the transformation 7y, each formula & U 1 is feasible, where £,v are state
formulae. Let X = (Q,S,—,v) be a reduced system, ® a specification, © = £ U ¢
a feasible formula, X' := (@', 5, —',v") :== Ty(X£,0) and @' := Ty(P, 0). According
to Section 3.1, it suffices to define —’ and S’

The new state relation —' is the smallest relation which satisfies the conditions
Ul and U2 below. Let p,q € Q with p— ¢ and 01,05 € {©,-0} such that

(p7 @1)7 (q7 @2) € QI~
Ul: pr ¢ nga then (pa 61) - (Q7 62)
U2: If p € QY| then (p,02) —' (¢, 02).

The new set of starting states is S' := @' N (S,{©,-0}). Note that 7y does not
produce unreachable states. Hence, T2 is satisfied.

The state relations of ¥ and ¥’ can be visualised by block graphs. A block graph of
Y consists of some blocks Ry, ..., Ry C @Q and a relation e— over those blocks. The
blocks Ry, ..., R, are drawn as areas, and the relation e— is visualised by arrows
between the corresponding areas. The area for R; encloses the area for R;, where
1 <i,5 <m,iff R; € R;. The meaning of e— is as follows. If R; e— R;, then,
for each ¢ € R;, we have path(X,) N R; R;1# (. In other words, if R; «— R;, then,
from each state ¢ € R;, there is a path of X, starting in ¢ and leaving R; over an
edge ending in a state in R;. Moreover, if p — ¢, for some p, ¢ € @, then there exist
i,7, where 1 <14, j < m, such that p € R;, ¢ € Rj, and R; &#— R; or R; = R;. That
means, if an edge of ¥ runs between two different blocks R;, R;, then R; &— R;.

Figure 3.4 shows a block graph of 3. It can be verified by trivial arguments. As
an example, we show that, for each ¢ € Qg[, we have path(X,) N (Qg)*@éﬁé 0.
Let ¢ € QY. As Ego has a winning strategy for (EA, X, Sat(©)), there is a path z
of ¥, with x[0,4] € sat(é A ~b)*sat(¢). By the definition of QJ, for 0 < j < i, we
have z; ¢ Q2. Moreover, z; € sat(1)) C Q5. Thus, z € (QY)TQLT. We conclude
that path(X,) N (QX)TQET# 0.

Figure 3.5 shows a block graph of 3. It can be easily derived from the block graph
of ¥ above.
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(@ )
/Qé N\ ng N\
[Qé N sat(& A —p) ] [Q% N sat(¢ A —p)
v D
[Qé N sat (1)) j [@% N sat(=& A =) j
\\ * 2N * //

A

A

Figure 3.4.: A block graph of ¥, where © = ¢ U .

/Q/
v v
/(Q(E)a 6) A {(an _'9) )

[(Qé, 0) N sat (& A ﬂz@

[(Qé, =0) N sat(§ A )

[(Qé, ©) N sat (1))
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Figure 3.5.: A block graph of ¥/, where © = £ U 1.

A
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3. Fair Checking of an LTL Formula

Now, we explain how the transformation 7y can be computed efficiently. The main
difficulty is to compute the partition of @) into Qé, ng and Q%. The transformations
afterwards are straightforward. Firstly, the algorithm evaluates £ and v at each state
of Q. Clearly, all states ¢ € Q with ¢ F v belong to Qé, and all states ¢ € @ with
q F =& A = belong to Qg. To classify the remaining states the algorithm computes
the s. c. c.s of sat(§ A=), the subgraph of ¥ induced by the (remaining) states ¢ € Q
with ¢ F € A —1p. The algorithm travels through the s.c.c.s in reversed topological
order; i. e., if there is an edge from the s.c.c. K to the s.c.c. Ko, Ky is visited first.
The states of 3 are classified according to the following rules:

o If all outgoing edges of an s.c.c. go to states of Qg, then the states of this
s.c.c. are added to Qg.

e If an s.c.c. has outgoing edges and all of them go to states of QX, then the
states of this s.c.c. are added to Qé.

e Otherwise, if the states of an s.c. c. are neither added to Qé nor to Q%, they
are added to ng .

As the algorithm travels through the s. c. c.s in reversed topological order, each con-
sidered outgoing edge ends in an already classified state.

We show by induction over the number of s. c. c.s that have already been processed
that the classification is correct for those s.c.c.s. Let K be the current s.c.c., and
suppose the algorithm decides K C Qé. (The remaining cases can be treated in a
similar way.)

For ¢ € K, we show WFy C Sat(O(q = ©)). Thus, Sat(O(q = 0)) is large, and
q has been classified correctly. Let x € WFyx, and suppose x; = ¢q. As z is word
fair (and therefore state fair) and K has outgoing edges, there is a minimal j > i
such that z; ¢ K. By the induction hypothesis, z; € Qé. With Theorem 2.10 and
x € WFy, x,j EO. As x[i,j — 1] € sat(§ AN—)*, we conclude z,i F O, and therefore
zFO(g= 0).

It remains to show that 7y is correct. For this, we need the next lemma.

Lemma 3.4. For the systems ¥ = (Q,S,—,v), ¥ = (Q',S',—',v') as defined
above, the following statements hold:

1. If 2’ € path(X) U path(X')], then x € path(X) U path(X)].
2. For each o € path(X)], there is an o € path(X')] such that 7(d’) = a.

3. If the last states of o,y € path(X')], off,ay # X do not differ and an = g,
then o = of.
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3.2. The Transformation 1\,

Proof. Part 1 is an immediate consequence of the definition of —’ and S’. Part 2
and 3 of the assertion follow from these facts:

If (s,01) € S, then s € S. For each (¢,02) € Q" and each p € Q with p — ¢,
there is a unique ©1 € {©, -0} such that (p,01) —' (¢,02). O

Note that it is not the case that, for each (p,©1) € Q" and g € @ such that p — ¢,
there is a Oy € {©, -0} such that (p,01) —' (¢,02). Consider, e.g., (q1,70) and
g4 in Figure 3.2.

We show that 7y is correct.

Lemma 3.5. Let ¥ = (Q, S, —,v), ¥ = (Q', 5, —',v"), © =& U as defined above
and 0 = Ty(©, O) the fresh atomic proposition. Then, the following conditions hold:

1. The linear-time property Sat(0(0 = ) is large in Y.
2. If ' EO(0 = Cv), then 2’ EO(O & 0), for each 2’ € path(Y).
3. The transformation 1\ is correct.

Proof. A path 2’ of ¥’ that does not satisfy 0(6 = < 1)) belongs to

Q*[(QY,0) U ((Q5,0) N sat(& A —))]*

(cf. Figure 3.5). But such a path is not state fair, as some state satisfying v is
reachable infinitely often but taken only finitely often. Thus,

SFy: C Sat(0(0 = SO v)),

which yields assertion 1.
Let 2’ € path(¥X') such that 2’ F O(0 = <), Suppose 2/,i E 6. With the block
graph of ¥’ above, we conclude that

2'[i,00] € (QY, 0)*((Q6,0) N sat(¢ A —1)))*sat(¥)T .

Because each state in (QX, ©) satisfies £, we conclude 2/,i F ©. If 2/,i ¥ 0, it can
be proved in a similar way that 2/, ¥ ©. Therefore, 2’ E O(0 < 6), which yields 2.

We show 3. with Lemma 3.1. Condition Al follows immediately from 1. and 2.
For A2, let T be a path formula with 6,¢' £ T, for each ¢ € Q'. We show that
the same player has a winning strategy in (AE,¥, Sat(Y)) and a winning strategy
in (AE,Y’, Sat(Y)). Suppose that P € {E, A} and f is a winning strategy for P in
(AE, ¥, Sat(Y)). We construct a strategy f’ in X’ such that 7(f'(\)) = f(\) and, for
each o' € path(X)] with o/ # X\, we have f'(o/) = o/ '+ with f(afB) = af~. Hence,
TF(Z%/) - Zi’g. As 0, AT, for each ¢’ € Q', we conclude that f’ is winning for
Pin (AE,Y, Sat(Y)).

41



3. Fair Checking of an LTL Formula

We define f’()\) using Lemma 3.4. Let o € path(¥X) ], o/ # X\ If o ends
in (QY,0), we choose 3 such that o/ € path(¥')| and o/ ends in (Q,O).
If o ends in (QY,—0), we choose ' such that o/3' € path(X')] and /B’ ends
in (Qg, —0). We define v with f(af) =: aBy. Now, we choose, using Lemma 3.4,
&, B',9 such that 7(a/8") = af, n(y') = v and &'y’ € path(¥')|. As the last state
of af does not belong to Qg, we conclude with 3. of Lemma 3.4 that &/’ = /3.
Hence, /'y € path(X')]. We set f/'(o) := o/3'Y. O

3.3. The Transformation 7y

For the transformation 7x, each formula X¢ is feasible, where £ is a state formula.
Let ¥ = (@, S,—,v) be a reduced system, ® a specification, © = X¢& a feasible
formula, ¥ := (Q', 5", =", v") :== Tx(X,0) and 9’ := Tx (P, 0). According to Section
3.1, it suffices to define —' and S’.

The new state relation —' is the smallest relation such that the following state-
ments X1 and X2 hold. Let p,q € @ with p— ¢ and ©y € {0,-0} such that
(¢,02) € Q".

X1: If ¢ F &, then (p,©) —' (g,02). (In this case, p ¢ QJ.)
X2: If ¢ ¥ &, then (p,—0) —' (¢,©02). (In this case, p ¢ QF.)

The new set of starting states is S' := Q' N (S,{O,-O}). Note that Tx does not
produce unreachable states. Hence, T2 is satisfied.

The computation of 7x is as follows. First, the algorithm evaluates £ at each state
of Q. For the partition of () we use these facts:

o A state ¢ of X belongs to Qé iff each successor of ¢ satisfies &.
o A state ¢ of ¥ belongs to Qg iff no successor of ¢ satisfies &.
e Otherwise, if a state ¢ of X does not belong to Qé U Qg, we have q € Q]g.

After that, the construction of ¥’ and @ is straightforward.
Using the arguments of the proof of Lemma 3.4, we show:

Lemma 3.6. For the systems X,% as defined above, the following statements hold:
1. If 2’ € path(X') U path(X')], then x € path(X) U path(X)].
2. For each a € path(X)], there is an o € path(X')] such that 7(d') = «.

3. If the last states of o,y € path(X')], off,ay # X do not differ and an = g,
then o = of.
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3.4. The Transformation 7s

Now, we are ready to prove that 7y is correct.

Lemma 3.7. Let ¥ = (Q,S,—,v), ¥ = (Q,5',—',v), © = X& as defined above
and 0 = Tx (0, 0) the new atomic proposition. Then, the following conditions hold:

1. Each path of X' satisfies O(© < 6).
2. The transformation Ty is correct.

Proof. By the construction of —', each successor of a state in (Q, ©) satisfies &, and
each successor of a state in (@, —©) does not satisfy £. Thus, each path of ¥’ satisfies
0O < 0).

We show 2. using Lemma 3.1. Condition Al follows from 1. For A2 let T be a
path formula with 6,¢" £ T, for each ¢’ € Q'. We show that the same player has
a winning strategy in (AE, ¥, Sat(Y)) and a winning strategy in (AE,Y/, Sat(T)).
Suppose that P € {E, A} and f is a winning strategy for P in (AE,Y, Sat(Y)). We
construct a strategy f’ in X such that 7(f’(\)) = f(\) and, for each o/ € path(X')]
with o # A\, we have f'(¢/) = /¢’y with f(aq) = aqy. Hence, W(Z%/) C Zﬁg. As
0,4 £, for each ¢’ € @', we conclude that f’ is winning for P in (AFE,Y’, Sat(Y)).

We define f/(\) using Lemma 3.6. For o € path(¥X')], o # A let ¢ € Q be
the projection of some successor of o in ¥'; i.e. &/(¢,01) € path(X')], for some
©1 € {6,-0}. Note that each state of ¥/ with projection ¢ is a successor of o/. We
define v with f(aq) =: agy. Now, we choose, using Lemma 3.6, &', ¢/, 7' such that
(&' q) = aq, 7(y') =~ and &'¢'v € path(X')]. As &'¢ € path(X')], we conclude
with 3. of Lemma 3.6 that o/¢’ = &'¢/. Hence, o/¢'y" € path(X')|, too. We define
f'(a) = a'q'y. O

3.4. The Transformation 7s

For the transformation 7s, each formula & S v is feasible, where &,1) are state
formulae. Let ¥ = (Q, S, —,v) be a reduced system, ® a specification, ® =S ¢ a
feasible formula, >’ := (Q', S, —',v") :== T5(X,0) and @' := T5(P,0). According to
Section 3.1, it suffices to define —’ and 5.

The new state relation —’ is the smallest relation which satisfies the conditions
S1 and S2 below. Let p,g € @ with p — ¢ and 01,0, € {0,260} such that

(p7 @1)3 (Q> 62) € Q/~
S1: If ¢ ¢ QY then (p,01) —' (¢,02).
S2: If g € Qg[, then (p,©1) —' (¢,01).

The new set of starting states S’ is the smallest set such that (s, ~0) € " if s € S\QE
and (s, 0) € §"if s € SNQL. Note that SNQE C sat(¢). In Lemma 3.9 we show that
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3. Fair Checking of an LTL Formula

¥ is reduced (T2). (The steps before are independent of whether 7s is a well-defined
transformation.)

For the following steps, a modified version of the block graphs introduced in Section
3.2 is useful. A block graph of ¥ consists of the blocks Ri,..., R, C @ and the
relation --+ over these blocks. The blocks Ry, ..., R, are drawn as areas, and the
relation --+ is visualised by arrows between the corresponding areas. The area for
R; encloses the area for R, where 1 <i,5 <m, iff R; C R;. The meaning of --» is
as follows. If p — q for some p, g € @), then there exist 4, j, where 1 < 4,5 < m, such
that pe R;, q € Rj, and R; = Rj or R; --» Rj.

It is easy to verify the block graph of ¥ as described in Figure 3.6. From Figure

{Q ( @M J ~
X «
é ' N /Qg : ~
[Qé N sat(§ A ) ] (Qg N sat(& A ) )4
A | K
@knsatw) || (@ sat-en—)
L A A )]

Figure 3.6.: A block graph of ¥, where © = £ S 1.

3.6, the block graph of ¥’ in Figure 3.7 can be derived.

The transformation 7s is computed as follows. First, the algorithm evaluates &
and ¢ at each state of ¥. Clearly, a state which satisfies 1) belongs to Q&, and a
state which satisfies =& A =) belongs to Qg. The algorithm computes the s.c.c.s of
sat(¢§ A\ =) and visits them in topological order. That is, if the s.c.c. K; has an
outgoing edge to the s.c.c. Ko, then K is visited first. The states of 3 are classified
according to the following rules:

Let K be an s.c.c. of sat(& A ).

e The states of K are added to Qé if no starting state belongs to K and all
incoming edges start in Qé.

e The states of K are added to Qg if all incoming edges start in Qg.
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3.4. The Transformation 7s

/Q/ N\
(QY,6) (@Y, -6) )
g A 2N A J
(Q%.0) [@3.-e) )

[(Qg, 0) N sat (€ A ﬂw)j [(Qg, ~0) N sat(E A ) j< .
A |-

(@5, 0)nsat(w) || (@, -®)nsat(-¢n—v)
AN A AN A J/

Figure 3.7.: A block graph of ¥/, where © = £ S 4.

e Otherwise, if the states of K are neither added to Qé nor to Q%, they are
added to Qg/l.

We show by induction over the number of b.s.c. c.s that have already been pro-
cessed that the classification is correct for those b.s.c.c.s. Let K be the current
b.s.c.c., and suppose the algorithm decides K C Qé. (The remaining cases can be
treated in a similar way.)

For ¢ € K, we show WFyx C Sat(O(q = ©)). Thus, Sat(O(¢ = ©)) is large,
and ¢ has been classified correctly. Let x € WFy, and suppose x; = q. As the
algorithm has decided K C Qé, K does not contain any starting state. Hence, there
is a maximal j with 0 < j < i such that x; ¢ K. By the induction hypothesis,
zj € Q§. With Theorem 2.10 and x € WF's, x,j F ©. As z[j + 1,i] € sat(é A —)*,
we conclude z,i F ©, and therefore z F O(¢g = O).

It remains to show that 7s is correct. For this, we need the next lemma.

Lemma 3.8. For ¥ = (Q,S,—,v), ¥ = (Q',5,—/,v") as defined above, the fol-
lowing statements hold:

o If 2’ € path(X') U path(X')], then x € path(X) U path(X)].

e For each x € path(X) U path(X)], there is a unique ' € path(¥X') U path(X')]
such that w(2') = x.
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3. Fair Checking of an LTL Formula

Proof. Part 1 of the assertion immediately follows from the construction of —’ and
S’. Part 2 follows from these facts:

For each s € S, there is a unique 0; € {0, =0} such that (s,01) € S’. For each
(p,©1) € Q" and ¢ € @ such that p — ¢, there is a unique ©2 € {0, -0} such that
(p,©1) —' (¢,02). O

We show that 7s is correct.

Lemma 3.9. Let ¥ = (Q, S, —,v), ¥ = (Q',S",—',v"), © =& S as defined above
and 0 = 15(©, O) the fresh atomic proposition. Then, the following conditions hold:

1. Each path of X' satisfies O(© < 6).
2. Condition T2 holds; i.e. ¥/ is reduced.
3. s is correct.

Proof. We show 1. Let 2/ € path(Y'), and suppose 2’,i E 6. From the block graph
of ¥/, we know that

2'[0,1] € Q" sat(v)((Q8, ©) N sat(§ A —1))*(Q&', ©)".

(Note that there is no starting state in (Q§,©) N sat(£ A=) or (QY,©).) As each
state in (QY,©) satisfies £, we have 2/,i F ©. If 2/,i ¥ 6, it can be proved in a
similar way that a’,7 ¥ ©. Thus, 2/ F 0(0 < 0).

We show 2. Let (¢,01) € . Due to the definition of Qé, ng and Q%, there is
a path x of ¥ and some position i such that z,i F ¢ A ©1. We define, with Lemma
3.8, 2/ as the unique path of X’ with 7(a’) = 2. As, for each ¢’ € Q', 0,¢' £ ¢ A O,
we have 2/,i F ¢ A ©1. From 1., we know that 2/ F 0(0 < ). Thus, 2} = (¢q,01).
Because (¢, ©1) is arbitrary chosen, we conclude that T2 holds.

We prove 3. with Lemma 3.1. Condition Al is a direct consequence of 1. For
A2, let T be a path formula with 6,¢" £ T, for each ¢ € Q. We show that the
same player has a winning strategy in (AE,Y, Sat(Y)) and a winning strategy in
(AE,Y', Sat(Y)). Suppose that P € {E, A} and f is a winning strategy for P in
(AE,X, Sat(Y)). Given o € path(X')], we define 3 with f(a) =: a3. Due to Lemma
3.8, there is a 3 such that 7(8') = 8 and o/F" € path(X')|. We set f'(a/) := /.
Thus, W(Z%/) - Zf’g. As6,q £, for each ¢’ € Q', we conclude that f’ is winning
for Pin (AE,Y’, Sat(Y)). O

3.5. The Transformation 7y

For the transformation 7y, each formula Y € is feasible, where £ is a state formula.
Let ¥ = (Q,S,—,v) be a reduced system, ® a specification, © = Y ¢ a feasible
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3.5. The Transformation Ty

formula, ¥ := (Q', 5", =/, v") := Ty(2,0) and ¢’ := Ty (P, 0). According to Section
3.1, it suffices to define —’ and 5.

The new state relation —' is the smallest relation which satisfies the conditions Y1
and Y2 below. Let p,q € Q with p — ¢ and ©1 € {©, -0} such that (p,01) € Q.

Y1: If pE &, then (p,01) —' (¢,0). (In this case, ¢ ¢ Q2.)
Y2: If p ¥ &, then (p,01) —' (¢,—0). (In this case, ¢ ¢ QF.)

The new set of starting states is S’ := Q"N (S, =0). As SNQL = 0, we have S’ # 0.
In Lemma 3.11 we see that X’ is reduced (T2). (The steps before do not depend on
whether T2 is satisfied.)

The computation of 7y is as follows. First, the algorithm evaluates £ at each state
of @. For the partition of @), we use the following facts:

e The state ¢ € Q belongs to Qé iff ¢ ¢ S and each predecessor of ¢ satisfies .
e The state ¢ € Q belongs to Qg iff no predecessor of ¢ satisfies &.
e Otherwise, if ¢ € Q \ (Qé U Qg), we have ¢ € ng.

After that, the construction of ¥’ and @’ is straightforward.
Using the arguments of the proof of Lemma 3.8, we show:

Lemma 3.10. For X, ¥/ as defined above, the following statements hold:
o If 2’ € path(X) U path(X')|, then x € path(X) U path(X)].

e For each x € path(X) U path(X)], there is a unique ' € path(¥X') U path(X')]
such that w(2') = x.

Now, we are ready to show that 7y is correct.

Lemma 3.11. Let ¥ = (Q, S, —,v), ¥ = (Q',S',—/,v"), © = Y as defined above
and 0 = 1Ty (©, O) the fresh atomic proposition. Then, the following conditions hold:

1. Each path of X' satisfies O(© < 6).
2. Condition T2 holds; i.e. ¥ is reduced.
3. The transformation 1y is correct.

Proof. By the construction of =/, if ¢’ € (Q, ©), then each predecessor of ¢’ satisfies
¢, and ¢’ ¢ S’. Moreover, each predecessor of a state in (Q, —0) does not satisfy &.
Thus, each path of ¥/ satisfies O(0 < 6).

Part 2 of the assertion can be shown exactly as in the proof of Lemma 3.9.

47



3. Fair Checking of an LTL Formula

We prove that 7y is correct using Lemma 3.1. Condition Al follows from 1. For
A2, let T be a path formula with 6,4 £ Y, for each ¢ € Q'. We show that the
same player has a winning strategy in (AE,Y, Sat(Y)) and a winning strategy in
(AE,Y', Sat(Y)). Suppose that P € {E, A} and f is a winning strategy for P in
(AE,X, Sat(Y)). Given o € path(X')], we define 3 with f(a) =: a3. Due to Lemma
3.10, there is a (' such that 7(8') = 3 and o/’ € path(X')|. We set f/(/) := /.
Thus, W(Zigl) - Zi’g. As0,q £ 7, for each ¢’ € Q', we conclude that f is winning
for Pin (AE,Y’, Sat(Y)). O

3.6. The Transformation 77,

3.6.1. Motivation

Before we define the transformation TZ(D<>)a we explain with an example why such
a transformation is useful. Consider a system X9 = (Qo, So, —0,v0) as described in
Figure 3.8 with the specification ®g := \/;; OO (. Note that Sat(Po) is small in 3.
The algorithm described so far repeatedly applies the transformation 7y, where the
feasible path formula in the i-th transformation step is ©; := O G, for 1 < i < m,
and ©; := 086;, for m < i < 2m. The fresh atomic propositions are denoted
0; := Ty(0;,0;), where 1 < i < 2m. Finally, we havthhe system Yo, as described
m

in Figure 3.9 and 3.10 and the specification ®9, = \/Z-:erl 0;. Unfortunately, Yon,
is exponentially larger (in the size of ®¢) than .

/ } J%@

Figure 3.8.: A system Y. We omit state names and related atomic propositions.

To bypass this, we develop a transformation TZ(DO) for which © := ®g is feasible.
Looking at g, we conclude that (Qo)g = (Qo. Due to Theorem 3.3, we do not have
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3.6. The Transformation TZ(DQ)

g \
(02)—>

R

/"\

(O)—>

Figure 3.9.: The system X4, in the case m = 2. We omit state names and related
atomic propositions.

D00

T(] . Egm .

Figure 3.10.: The system X,,. For ease of representation, we describe g, recur-
sively. For a labelled graph G, G[x] denotes the graph obtained by
adding the elements of x as labels to each node of G. We omit state
names and related atomic propositions.
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3. Fair Checking of an LTL Formula

to duplicate any state of ¥o. We define TZ(DQ)(EOv ©):=%; :=(Q1,S1,—1,v1) such
that the following conditions are satisfied:

e Q1=(Q,70),

o 51 =(95,70),

* (p,70) =1 (¢,70) iff p —¢ g, for p,q € Qo, and
e v; is chosen according to T3 of Section 3.1.

Note that T1-T3 of Section 3.1 hold. The new formula is ®; := 6, where 6 is a fresh
atomic proposition. Then Sat(®;) is small in X, as desired. But, as ¥; and X are
isomorphic, we avoid the exponential blowup. The problem is even solved in only
one transformation step.

3.6.2. Muller Formulae

In this section, we define the language L(0<) and give a semantical characterisation
of the formulae in L(O<C). More precisely, we show that whether a path satisfies a
formula in L(0<C) depends only on the states (modulo a valuation function) that are
taken infinitely often by that path. Moreover, if the membership of a path to a linear-
time property depends only on which states (modulo the valuation function) are
taken infinitely often by that path, then this linear-time property can be expressed as
aformula in L(O<). Thus, in analogy to Muller acceptance conditions of w-automata
(see Thomas [1990]), we call a formula in L(O<C) a Muller formula. Finally, we show
related semantical properties of the formulae in L(O).

Definition 3.12. The language L(O<) of Muller formulae is the smallest set that
satisfies the following conditions M1 and M2:

M1: If Z € L(O0), then OO = € L(O0).
M2: If 2, ¥ € L(O0), then 2V ¥, -2 € L(O0).

Suppose ¢, 1 are state formulae. Examples for Muller formulae are OO ¢ = OO 1),
SO ¢ = O0C Y and OC(pADOOCY) VOO ¢. Among the Muller formulae are the Street
constraints; see, e. g., Alur and Henzinger [1995], or Varacca and Vélzer [2006]. Each
member of L(X,Y,U,S)\ L(O<C) is obviously not a Muller formula. Furthermore,
¢ = OO is not a Muller formula, too.

Before we state the semantical characterisation of Muller formulae, we need to
introduce some notations. Let ¥ = (Q, S, —,v) be a system, x,y paths over ) and
® a path formula. We define some alternative notions of satisfaction:
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3.6. The Transformation TZ(D<>)

o We write £ ® (x satisfies ® infinitely often) iff, for infinitely many i € N,
z,1F ®.

e Similarly, we write  E** ® (z satisfies ® almost everywhere) iff, for all but
finitely many ¢ € N, x,¢ F ®.

Recall that '
inf(r) ={q€Q |z F g}

Suppose that © = s(pg)®, where s, p, ¢ are pairwise different states of X. Then
inf(x) = {p,q}. Note that xF"* p; however, it is not the case that xF**p, as

rE"q.
We formalise a notion of equivalence:

o We write x ~¢ y (z,y are indistinguishable by @) iff t F ® < y E ®.

e For a linear-time property X over @, we write © ~x y (z, y are indistinguishable
by X)iffre X ©ye X,

e For a set Q of path formulae, we write x ~q y (z,y are indistinguishable by )
iff x ~g y, for each ® € .

For some state ¢ € @, we call v(q) C AP an assignment. We need assignments in our
presentation, as it does not directly depend on x whether x satisfies a path formula
but, on v(x), the related sequence of assignments.

Suppose that r, s, p, ¢ are pairwise different states of ¥. Then,

sT(pq)* ~oo prao g rs(pgp)”.

In Proposition 3.14 below, we even show that

sT(pq)” ~1(ao) T5(Pap)*;

however,

sr(pq)” »#roy rs(pgp)”, as sr(pq)” =g rs(pgp)”, for ¢ = s.

Definition 3.13. Let ¥ = (Q, S, —,v) be a system. A linear-time property X over
Q is a Muller property iff, for all paths x,y over Q with v(inf(z)) = v(inf(y)), we
have ¢ ~x y.

Now, we give the semantical characterisation of Muller formulae.

Proposition 3.14. Let ¥ = (Q, S, —,v) be a system. Then, the following conditions
hold:
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3. Fair Checking of an LTL Formula

1. Let ,y be paths over Q. Then, x ~¢ o) y iff v(inf(x)) = v(inf(y)).
2. We have

{Sat(®) | ¢ is a Muller formula} = {X | X is a Muller property}.

Proof. We prove 1.
Suppose v(inf(x)) = v(inf(y)). First, we show by structural induction over ® that

1.0. 1.0.

rF® & ykE® and (3.1)
a.e. a.e.

rE® & yE o, (3.2)

for each ® € L(O<). Furthermore, we show by structural induction over ® that
TE® o yE D, (3.3)

for each ® € L(0C). Therefore, x ~Ioo) Y- Note that, in each case, it suffices to
show the "only if" part. The other direction follows from symmetry arguments.

Let @ be a state formula. If we assume that the left hand side of (3.1) (resp. (3.2))
is true, then, as @ is finite, inf(x) contains some state satisfying ® (resp. all states
in inf(z) satisfy ®). Hence, with v(inf(x)) = v(inf(y)), the right hand side of (3.1)
(resp. (3.2)) holds.

Let 2, € L(OC) and ® = ZV U, and suppose the left hand side of (3.1) is true.
Thus, we have z " Z or 2 E*% ¥. By the induction hypothesis, this implies y E*% =
or y E W, Hence the right hand side of (3.1) is true. Equation (3.2) can be shown
in a similar way.

Let 2 € L(OC) and ® = —Z, and suppose the left hand side of (3.1) is satisfied.
Then it is not the case that x E** Z. By the induction hypothesis, y F*¢ = does not
hold. Therefore, the right hand side of (3.1) is satisfied. Again, the proof of (3.2) is
similar.

Let 2 € L(OC) and ® = OCE. If we assume that the left hand side of (3.3)
is true, then z %> Z. Therefore, by the induction hypothesis, y E*% =. Hence, the
right hand side of (3.3) is true.

Note that ® is either satisfied at each position of = or, at none. As (3.3) is true,
(3.1) and (3.2) hold, too.

The cases ® = ZVV and ® = —=, where =, ¥ € L(O<), can be treated analogously
to the related cases, where =, ¥ € L(O0).

Now, suppose v(inf(x)) # v(inf(y)). First, note that, for an assignment ¢ € v(Q),
there is a state formula X, that is satisfied by a state ¢ € Q iff v(q) = ¢. Without
loss of generality, let ¢ € v(inf(x)) such that ¢ ¢ v(inf(y)). Then x F O x, and
y ¥ OO xy,. Thus, © *T(oo) Y-
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3.6. The Transformation TZ(D<>)

We prove 2. As a consequence of 1.,
{Sat(®) | ® is a Muller formula} C {X | X is a Muller property}.

The converse can be shown as follows:
Let X be a Muller property. For a set of assignments 7 C v(Q), we define a Muller
formula

CIJT::/\DOXSD/\ /\ - 00 xep.
pET peV(Q\T

A path x over @ satisfies ®, iff v(inf(x)) = 7. As X is a Muller property, we can
choose 71, ...,7k C v(Q) such that a path x over @ belongs to X iff v(inf(z)) = 7,
for some i € {1,...,k}. Then, for ® := \/f:1 ®,. € L(OC), we have Sat(®) = X. To
see this, consider some path z over ). By assumption, z € X iff v(inf(x)) = =, for
some ¢ € {1,...,k}. By construction of the &, the latter is equivalent to x F ®,,,
for some i € {1,...,k}. This statement can be rewritten to x € Sat(P). O

As an immediate consequence, Muller formulae are either satisfied at each point
of a sequence of assignments, or, at none. Moreover, Proposition 3.14 says that, for
each Muller formula ®, there is a normal form; that is the Muller formula ®x defined
in the proof such that Sat(®yx) = X, where X := Sat(®).

Proposition 3.14 can be seen as a syntactical characterisation of ~T(00) Now, we
give a syntactical characterisation of ~q). For this, we define

R(T) ={x eT* | inf(x) =T},
where T' C Q.

Proposition 3.15. Let ¥ = (Q, S, —,v) be a system and x,y be paths over Q.
Then x ~pmoy y iff

1. v(xo) = v(yo),
2. w(inf(z)) = v(inf(y)) and
3. there are n € N, a € Q" such that
v(@),v(y) € {v(ao)}" ... {v(an-1)} "v(R(inf(2))).
According to Proposition 3.15,
o sr(pq)” ~p(m) ssrrr(pgp)® o= sr],
e (pq)* ~rmoy (pgp)” o= A,

e (pq)“ »r(m) (gp),

23



3. Fair Checking of an LTL Formula

® p¥ =@ (pg)*,

o spsp® ~rm) ssp.

Note that, in the proof, regular expressions range over the set of assignments 247

not over AP. Thus, if p, q are atomic propositions, then

{p, a3 {{r}, {a}} = {{p, 3}, {p, a}a}},

and

{p, a}{{p}: {a}} # {pip} p{a}, dlp}, ala}}-

Proof. First, we show by structural induction over ® that the right hand side of the
assertion implies
TF® &S yE O, (3.4)

for each ® € L(O). Note that it suffices to show the "only if" part of (3.4). The
other direction follows from symmetry arguments.

Let ® be a state formula. The assertion (3.4) follows from v(zg) = v(yo).

Let ® = OE for some = € L(0O), and suppose the left hand side of (3.4) holds.
Hence, z[j, 00] E Z, for each j € N. Let ¢ € N. By assumption, we have

v(yli, o0]) € {v(ae)}" ... {v(am—1)} Tv(R(inf (2))),

for some ¢ with 0 < ¢ <n. We choose j € N such that v(z;) = v(y;) and

v(z[j; 00]) € {v(ae)}" ... {v(an-1)} Tv(R(inf (x))), too.

Thus, replacing by x[j, 00| and y by y[i, oo] in the right hand side of the assertion
and applying the induction hypothesis yields y[i, oo] E =. As i was arbitrary chosen,
the right hand side of (3.4) holds.

In the cases ® = == and ® = ZV ¥, for some =, ¥ € L(O), Equation (3.4) follows
immediately from the induction hypothesis.

Now, suppose the right hand side of the assertion does not hold. If v(zg) # v(yo), it
is easy to find a state formula ¢ such that x ~4 y. In the case v(inf(z)) # v(inf(y)),
with Proposition 3.14, there is a Muller formula ® such that x ~¢ y.

For the remaining case, suppose that 1. and 2. hold but 3. does not. Let a €
Q", B € Q* of minimal length such that

v(@) € {v(e0)} .. {v(an-1)} To(R(inf (2)))

and

v(y) € {v(Bo)}" .. {v(Be—1)} "o (R(inf (x))).
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As 3. does not hold, we have v(a) # v(5). Without loss of generality, we assume
n > k. It cannot be the case that n = k = 0, because in this case « = A = (3, a
contradiction. Thus, ay,—1 exists. As « has minimal length, v(ay,—1) ¢ v(R(inf(z)))
and v(oy) # v(i41) (0 <i <n—1). For an assignment ¢ € v(Q), let x, be a state
formula that is satisfied by a state ¢ € Q iff v(q) = ¢. We define

¢ = Xv(ap) A <>(Xv(o¢1) A <>(' A O(Xv(ocnﬂ)) s ))

For z € Q¥, we have
zE @ iff v(z) € v(a)v(Q) v(ar) ... v(Q) v(am—1)T .

Clearly, x F ®. Suppose y £ ®. As v(y) € {v(Bo)}" ... {v(Br_1)} v(R(inf(x))) and
v(an—1) ¢ v(R(inf(x))), there are ig,...,i,—1 € N with

=<1 < - <ip1<k-—1
such that v(f8;;) = v(ay), for 0 < j <n — 1. Because n > k, this implies
ioZO, ilzl, ceey in_lzn—l.

Hence, v(a) = v(f), a contradiction. We conclude that y ¥ & and therefore
T *no Y- O

Note that Proposition 3.15 can alternatively be derived from results of Sistla and
Zuck [1993].

Proposition 3.15 is a useful tool, which enables us to show that for certain LTL
formulae there are no equivalent RLTL formulae. Let > be a system such that p,q,r
are pairwise different states of 3.

First, suppose there is an RLTL formula ® which is equivalent to p U q. With
Proposition 3.15, we have p(qr)* ~g¢ p(rq)“. As ® and p U ¢ are equivalent,
p(qr)¥ ~puq p(rq)”. But, p(gr)* E p U ¢ and p(rq)* ¥ p U ¢, a contradiction.
Therefore, there is no RLTL formula which is equivalent to p U q.

As a second example, suppose there is an RLTL formula which is equivalent to
Xq. Thus, there is also an RLTL formula ® which is equivalent to Xgq. With
Proposition 3.15, we have (pq)¥ ~g p(pq)”. As ® and X ¢ are equivalent, we have
(pq)¥ ~xq p(pqg)*, a contradiction. We conclude that there is no RLTL formula
which is equivalent to X q.

3.6.3. State Fairness is Complete for RLTL.

For a system X, we show that SFy is Sat(L(O))-complete w.r.t. . It has been
illustrated by Zuck et al. [2002] how this can be derived from a theorem of Pnueli
and Zuck [1993]. Here, we provide an alternative, direct and detailed proof.
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3. Fair Checking of an LTL Formula

Theorem 3.16. Let 3 = (Q, S, —,v) be a system. Then SF'x; is Sat(L(O))-complete
w.r. T 2.

Proof. Let ® € L(O) such that Sat(®) is large in ¥ and x be a state fair path of X.
We have to show that = F ®.

With Proposition 2.7, we choose o € Q*,¢ € Q,y € Q¥ such that z = aqy,
qy € K¥ and inf(qy) = K, where K is a b.s.c.c. of 3. Note that ag 1 is
medium-sized and SF'y is large. With Proposition 2.6, agq] N SFy is medium-sized.
Hence, (ag] N SFyx)¢ is medium-sized, too. Let g be a winning strategy for Alter in
(AE, X, (aq] N SFx)¢). Moreover, f is a winning strategy for Ego in (AE, %, Sat(®)).
If Ego plays according to f and Alter according to g, then they create a path u = aqz
of ¥ which is state fair and satisfies ®. Clearly, zo = ug. As both z and u are state
fair and eventually take a state of K, we have inf(x) = K = inf(u). Moreover,
z,u € aR(K). With Proposition 3.15, z ~p o) u. As ® € L(O) and u F &, we
conclude that z F ®. O

3.6.4. Description of the Transformation 77,

For the transformation TZ(D<>)7 each Muller formula is feasible. Let ¥ = (Q, S, —,v)
be a reduced system, ® a specification, © € L(O<C) a feasible formula, ¥/ :=
Q5" =" )= Tr(00) (%, 0) and o = Tr(00)(®,©). According to Section 3.1, it
suffices to define —" and S’

The new state relation —’ and the new set of starting states S’ are exactly as in
the case of 7y. Note that TZ(DO) does not produce unreachable states. Hence, T2 is
satisfied.

We want to visualise the state relations of 3 and ¥’ with block graphs as introduced
in Section 3.2. For this, we need the following lemma:

Lemma 3.17. Let ¥ = (Q, S, —,v) and © be as defined above, and q a state of .
1. Ifq e Qé, then each successor of q belongs to Qé.
2. Ifq € Q%, then each successor of q belongs to Qg
3. Ifqe Qg, then there exists a path fragment as of 3 such that s € Qé
4. If q € Qg, then there exists a path fragment as of X such that s € Qg

Proof. To see 1., suppose q € Qé, and let s be a successor of q. We show that
s € Qé. Let x be a state fair path of ¥5. Then, gz is a path of ¥,;. Note that gz
is state fair w.r.t. X,. With Theorem 3.16, gz F ©. Applying Proposition 3.14, we
have qx ~75¢) @, and thus 2 F ©. We conclude that SFx, C Sat(©), which implies

sEQé.
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3.6. The Transformation Ty .,

For 2., suppose ¢ € Qg, and let s be a successor of q. As g € Qfe, we conclude,
with the paragraph above, that s € Qfe. Hence, s € Qg.

For the proof of 3., suppose ¢ € QY. As Sat(—0) is not large in X,, we have
SFy, N Sat(©) # 0. Let x € SFy, N Sat(©). We choose i such that each state
of z[i,00] belongs to a b.s.c.c. of ¥. Now, let y € SFy, . With Proposition 3.14,
T ~ooy Ys and therefore y F ©. We conclude SFy, C Sat(0), which implies
T; € Qé

Part 4 can be shown by exchanging © and —0. O

As a direct consequence of Lemma 3.17, we can describe ¥ and ¥’ by the block
graphs, as introduced in Section 3.2, in Figure 3.11 and 3.12.

4 N\

Figure 3.11.: A block graph of 3, where © is a Muller formula.

o
(Q¥.0) ] ((Q¥.-0))

v v

(Qé? ®> (ng _'@)

Figure 3.12.: A block graph of ¥, where © is a Muller formula.

Now, we explain how the transformation TZ(DO) can be computed efficiently.

The main difficulty is to compute the partition of @) into Qé, ng and Qg. The
transformations afterwards are straightforward. First, the algorithm computes the
b.s.c.c.s of 3. For each b.s.c.c. K and each T < ©, we define K% =KnN Q% and
K? = KN Q% (Although, in general, T is no Muller formula, it turns out that
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3. Fair Checking of an LTL Formula

no state of a b.s.c.c. belongs to Q%/[) The algorithm determines with the following
recursive procedure which states of K belong to K% and which, to K%:
In each case, we set Ky := K \ K&,

1. If T is a state formula, then exactly the states of K which satisfy T belong to
KL

2. f Y =2V U, then K% := KL UKL,
3. If ¥ = —Z, then K% := K5.
4. If ¥ = OO =, then K& := K if KL # 0; otherwise, K% := ().

We explain why the procedure above correctly computes the partition of the
b.s.c.c. K into K% and K% In case 1, the partition is correct, as it depends only on
the first state of a path if that path satisfies Y. In case 2, this is true, as largeness is
upward closed and smallness is closed under countable union. In case 3, K% and K%
are computed properly, as the complement of a large linear-time property is small
and vice versa.

For case 4, suppose that Ké # (), and choose ¢ € K and p € KEL We show that
SFy, C Sat(O(q = Y)). Let z € SFx. With Theorem 3.16, z satisfies O(p = =).
As p and ¢ belong to the same b.s.c.c., x also satisfies O(¢ = OO p). Putting this
together, we have z F O(¢ = 00 Z) =0(g = 7).

On the other hand, suppose KEL = (), and choose ¢ € K. We show that SFy C
Sat(O(¢ = —Y)). Let x € SFyx. With Theorem 3.16, x F O(p = —E), for each
p € K. As K cannot be left, z F O(¢ = =< E), and therefore z E O(q = —7T).

A state ¢ of ¥ that does not belong to a b.s.c.c. is classified using the following
facts:

o If each successor of ¢ belongs to Qé, then g € Qé, too.
e If each successor of ¢ belongs to Q%, then g € Qg, too.
e Otherwise, if ¢ belongs neither to Qé nor to Qg, then q € Qg/l.

The correctness follows from Lemma 3.17.
Using the arguments of the proof of Lemma 3.4, we show:

Lemma 3.18. For the systems X, Y as defined above, the following statements hold:
1. If 2’ € path(¥X') U path(X')], then x € path(X) U path(X)].
2. For each a € path(X)], there is an o' € path(X')| such that 7(a) = .

3. If the last states of o,y € path(X')|, o,y # X\ do not differ and an = aa,
then o) = of,.
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3.6. The Transformation Ty .,

Now, we are ready to show that TZ(DQ) is correct.

Lemma 3.19. Let ¥ = (Q, S, —,v), ¥ = (Q,5",—/,v"), O as defined above and
0= TZ(DO)(@,@) the fresh atomic proposition. Then, the following conditions hold:

1. Each path in SFy satisfies O(© < 6).
2. The transformation Ty g is correct.

Proof. We show 1. Let 2’ € SFyy, and suppose 2/, F 6. According to Figure
3.12, 2’ belongs either to (QY,0) or to (QY,0)*(QL,0)~. As 2’ is state fair, we
conclude that 2’ € (QY,0)*(QL, ©)“. Because (QF,0) and Q§ are isomorphic and
z € (QY)*(Q)~, z is state fair w.t.t. 3, too. We choose j > i such that z; € Q5.
Due to Theorem 3.16, we have z F O(x; = ©), and hence z,j F ©. As © does
not contain 0, z',j F ©. We conclude, applying Proposition 3.14, that 2/,i F ©. If
2’ i ¥ 0, it can be proved in a similar way that a/,7 ¥ ©. Therefore, 2’ F 0(0 < 6).

We use Lemma 3.1 to show 2. Al follows from 1. For A2, let T be a path formula
with 0,4 2 Y, for each ¢ € Q. We show that the same player has a winning
strategy in (AE,X, Sat(Y)) and a winning strategy in (AE,Y’, Sat(Y)). Suppose
that P € {E, A} and f is a winning strategy for P in (AE, Y, Sat(Y)). We construct
a strategy f' in X’ such that =(f'(\)) = f(\) and, for each o/ € path(¥X')] with
o # X\, we have /(o) = /'y with f(af) = afy. Hence, W(ng/) - Zig. As
0,q £ 7T, for each ¢’ € Q', we conclude that f’ is winning for P in (AE,¥/, Sat(Y)).

We define f/(\) using Lemma 3.18. Let o/ € path(X')], o/ # A. As illustrated in
Figure 3.12, we can choose ' such that /3" € path(X)] and af ends in Q2 U Q5.
We define v with f(af) =: afBy. As the block graph of ¥ shows, v belongs to (Qé)*
or to (Q%)*, depending on the last state of @3. Thus, we can choose 7' such that
7(y') =~ and o/ 'Y € path(¥')]. O

3.6.5. There is no Transformation TL(D).

After all, we might try to develop a transformation 77y for which the formulae
in L(DO) are feasible. To carry out such a transformation 77,m), the generalised
fair model checking problem with specifications in L(O) has to be solved efficiently.
That is necessary to determine Q5. For convenience, we write GFMC(L) for the
generalised fair model checking problem with specifications in L. Unfortunately, we
can prove that GFMC(L(DO)) is co-NP-complete. Below, we even show a stronger
result. Thus, it is impossible to find an efficient transformation 7y,(n), provided that
P # NP.

First, we define the language L'(0) as the smallest set which satisfies the condi-
tions RP1 and RP2 below:

RP1: If ¢ is a state formulae, then ¢, O¢ € LY(O).
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3. Fair Checking of an LTL Formula

RP2: If Z, ¥ belong to L'(O), then so do ZV ¥, —Z.

In contrast to L(O), the language L*(0) does not allow nested temporal operators.
Thus, O(y = <&) € L(O), but Oy = <¢) ¢ LY(O), where 1, ¢ are atomic
propositions.

Now, we are ready to state the completeness result.

Theorem 3.20. The problem GFMC(L'(0O)) is co-NP-hard. Moreover, the problem
GFMC(L(D)) belongs to co-NP.

Proof. We prove hardness, adapting an idea of Sistla and Clarke [1985], with a
reduction from TAUTOLOGY to GFMC(L'(0)). TAUTOLOGY contains the state
formulae ¢ that are tautologies; i.e., for each system 3 and each state ¢ of X, we
have ¢ F ¢. It is well-known that TAUTOLOGY is co-NP-complete. Let ¢ be a
state formula over the atomic propositions (1, ..., (. The specification P e LY(O)
is obtained by replacing each atomic proposition (; in ¢ by < ¢. If) e.g., ¢ =
(C1V =(2) A (3, then @ = (O ¢ V=0 C2) A O3 The reduction maps ¢ to ® and
the system 3 as described in Figure 3.8. Clearly, the reduction can be computed in
polynomial time. Ego has a winning strategy in (AE, X, Sat(®)) iff ¢ is a tautology.
Thus, Sat(®) is large in ¥ iff € TAUTOLOGY.

Now, we prove the membership of GFMC(L(O)) in co-NP. Let ¥ = (Q, S, —,v)
a system. First, we show that SF'y, can be expressed as a formula in L(O). As @ is
finite, for each ¢ € Q, there is a state formula enabled(q) that is exactly satisfied by
the states at which ¢ is enabled. Thus, SF'y, can be expressed by

U(xY):= /\ (O enabled(q) = OO q),
q€Q

which belongs to L(O).

It is sufficient to define a reduction from GFMC(L(DO)) to (traditional) model
checking with specifications in L(O). The latter problem belongs to co-NP, as has
been shown by Sistla and Clarke [1985]. Given a system ¥ and a specification
® € L(O), the reduction maps (®,%) to (®,%), where & := (¥(Q) = @) € L(DO).
Clearly, the reduction can be computed in polynomial time. By Theorem 3.16,
Sat(®) is large in X iff each path of ¥ satisfies ®. O

3.7. Complexity Analysis of the Algorithm

In the following, we measure the size || of a system 3 by the number of its nodes
and edges. The size |®| of a specification ® is the number of its temporal and boolean
operators. The number of transformation steps carried out by the algorithm on input
(3, ®) is n. In the complexity analysis, we apply the uniform cost criterion, under
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3.7. Complexity Analysis of the Algorithm

which a single node, edge or atomic proposition can be read in a constant amount
of time.

Theorem 3.21 states that our version of the algorithm (with or without 77 .,)
runs in exponential time in the size of the specification and linear time in the size of
the system. This is the time bound which Courcoubetis and Yannakakis [1995] also
prove for the original algorithm.

Theorem 3.21. Checking whether Sat(®) is large, medium-sized or small in a sys-
tem X, where ® € L(X,Y,U,S), can be accomplished in time

O(( max |04] + |®,]) - 2"[Z)) < O[3

i=1,...

Here, ©; is the feasible subformula the algorithm chooses in the i-th transformation
step, g := © and P; is the specification after the i-th transformation step (1 < i <

Proof. The transformation of ¥ in a reduced system can be accomplished in time
O(|2]). Thus, we assume, without loss of generality, that ¥ is reduced and apply
the algorithm developed above.

Let o := ¥ and X; be the system after the i-th transformation step (1 <i < n).
The operations the algorithm possibly performs in the i-th transformation step are
listed below:

1. in the case of TZ(D<>)3 partition of K into K% and K%, for each T < ©; and
each b.s.c.c. K of 3;_1,

2. in the cases of 7y,7Zs: evaluation of & and 1; at each state of X;_1, where
O; =& U or ©; =& Sy,

3. in the cases of Tx, 7y: evaluation of §; at each state of 3;_1, where ©; = X¢;
or @z = Yfza

4. computation of the s.c.c.s of ¥;_1 or a subgraph of ¥;_1,
5. travelling through the s.c.c.s in (possibly reversed) topological order,
6. construction of the new system and the new specification.
Each of these operations can be computed in time
O(|Zi-1] - [6i]).

For the 1. operation, this is true, as ©; has O(|©;|) subformulae and the computation
time for each subformula is in O(|X;_1|). In the remaining cases, the operations can
be performed in O(|X;_1| - |0;]) by using standard techniques.
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3. Fair Checking of an LTL Formula

As the postprocessing (i.e. checking whether Sat(®,) is large, medium-sized or
small in ¥,,) needs at most O(|X,| - |P,|) steps, the total execution time belongs to

O(Z i1 10| 4+ [Zn] - [@n]).

=1

Because the size of the system at most doubles after each transformation step, the
number of computation steps is in

n—1
O( max [04]- Z(; 2/|S| + 27(8] - |Dn))
— O(( max (8] + B, 2[5

The other upper bound can be derived as follows:

o((. HllaX 0] + @) - 27[T]) < O((2maXi=1.m 19| + 2|<I>n\) -2m(x)
i=1,...,n
< O((Qmaxz:Lm,n |©;|+n + 2|<1>n\+n) . |Z])
< O +21%) . |3))
= 0@ x).
For the third line, note that in each transformation step at least one temporal
operator is removed from the specification. Thus, n < |®| — |®,|, and n — 1 <
|(I>| — maXi:Lm’n |@z| O

The first upper bound of Theorem 3.21 is mainly influenced by the number of
transformation steps. Thus, it seems to be the case that, whenever possible, the
transformation TZ(DQ) should be applied instead of repeatedly applying 7y, because
the resulting time bound is better. Indeed, we can show that, in some sense, applying
TZ(D<>) as often as possible needs, in the worst case, only negligible more running
time than never applying TZ(DO)' Consider Appendix A for the sketch of a proof.

If the specification is a Muller formula, the number of transformation steps is one.
Thus, the running time is linear in the size of the specification and the system:

Corollary 3.22. Checking whether Sat(®) is large, medium-sized or small in a sys-
tem 3, where ® € L(OO), can be accomplished in time O(|P||X]).

This is interesting, as checking whether each path of a system X satisfies a speci-
fication ® € L(O<) is co-NP-complete.

Theorem 3.23. Let Y be a system and ® € L(OO) a specification. Checking whether
each path of ¥ satisfies ® is co-NP-complete.
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Proof. To develop the proof, a hint of Schnoebelen [2003] was helpful. Let L be a
set of specifications. For shortness, the problem of checking, given a system and
a specification ® € L, whether each path of the system satisfies ® is denoted by
MC(L). The membership of MC(L(0<)) to co-NP follows immediately from the
fact that MC(L(O)) belongs to co-NP (cf. Sistla and Clarke [1985]).

{ Wy f}

Figure 3.13.: A system . We omit state names and related atomic propositions.

We prove hardness with a reduction from TAUTOLOGY to MC(L(O<)). Let
¢ be a state formula over the atomic propositions (1,...,(n. The specification
P e L(090) is obtained by replacing each atomic proposition ¢; in ¢ by OO ¢;. The
reduction maps ¢ to ® and the system ¥ as described in Figure 3.13. Clearly, the

reduction can be computed in polynomial time. Then, each path of ¥ satisfies P iff
¢ € TAUTOLOGY. O
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Besides the information how much a system X satisfies its specification ® (large,
medium-sized or small), it is useful to obtain some witness for this fact. Suppose,
for instance, that Sat(®) is not large in ¥. Then, Alter has a winning strategy f
in (AE,Y, Sat(®)). We do not try to compute the entire strategy f, as we are not
aware of a finite representation of f that supports the developer in finding errors in
the system. But, we develop a method that allows to determine f(«), given a path
fragment o of ¥. Thus, the developer can interactively play (and lose) the game
(AE,Y, Sat(®)) against Alter. We hope that, in this way, he gains insight into why
Sat(®) is not large in X. It still remains to figure out by case studies how useful this
interactive play is in practice.
The notion of a witness motivated above is formalised as follows:

Definition 4.1. Let X be a reduced system and ® a specification.

o If Sat(®) is large in X, a witness for ¥ and ® is a winning strategy for Ego in
(AE, %, Sat(®)).

o If Sat(®) is medium-sized in X, a witness for X and ® is (f, g), where f is a
winning strategy for Ego in (FA, X, Sat(®)) and g, for Alter in (AE, 3, Sat(®)).

e Otherwise, if Sat(®) is small in 3, a witness for X and ® is a winning strategy
for Alter in (EA, Y, Sat(®)).

We first describe the general approach in Section 4.1. In Section 4.2, we illustrate
the main difficulties of constructing witnesses by examples. The details of our tech-
niques are discussed in the Sections 4.3 up to 4.7. Finally, in Section 4.8, we analyse
the complexity of computing f(«), where f is part of a witness and « € path(X)].

4.1. The General Approach

Let ¥ = (Q,S,—,v) be a reduced system and ® a specification. We first explain
how a witness for ¥ and ® can be defined and then how it can be computed.

If @ is a state formula and the player P € {A, E} has a winning strategy in
(k, 3, Sat(®)), where k € {AE, EA}, then it is easy to define and compute a posi-
tional winning strategy for P in (k, 3, Sat(®)).

Otherwise, if ® is not a state formula, suppose the algorithm chooses © as feasible
formula. Let ¥/ := (Q',S",—/,v) := 7T(%,0), ® := 7(9,0) and 6§ := 7(6,0),
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where 7 is one of 7y, 7k, Ts, 7Ty, TZ(D ) A witness for ¥ and ® is defined recursively
using a witness for ¥/ and @’

Let P € {E,A} and x € {AE, EA} such that P has a winning strategy f’ in
G = (k, Y, Sat(®")). We define a strategy f in X such that

zZPS C 7(ZPF n Sat(0(0 < 0))). (4.1)

In other words, each path x € Z,].;’f corresponds to some path 2’ € Z,].;’f, such that
w(2') = x and 2/ £ O(© & 6). Then, f is a winning strategy for P in G :=
(K, 3, Sat(P)).

In the case P = E, this can be seen as follows. Let z € Z/. With (4.1), there
is an o/ € ZP7' Sat(0(O < 0)) with 7(2') = z. As f’ is winning for Ego in G,
2’ F ®'. Moreover, 7' F 0(0 < ). Because ® = [®]%, we have 2’ F ®. As, for each
¢ €@, 0,¢ £, this implies 2 F ®. The case P = A is similar.

So far, we explained how to define the strategy f based on f’. Given a path
fragment « of 3, we will see that f(«) is computed as follows. First, the algorithm
chooses o € path(X')| such that m(a’) = a. Then, the algorithm computes f'(a’)
and appends some ¢’ € Q"* (which highly depends on the transformation 7') to f’(a/)
such that f'(a/)d" € path(X')]. Finally,

where ¢ € Q U {A}. In the Sections 4.3 to 4.7, we basically explain, for each trans-
formation 7, how ¢’ and ¢ are computed and why Equation (4.1) holds.

If f' is a positional strategy and 7 is one of TU,TX,’TZ(DO), we will see that f is
a positional strategy, too. Thus, if ® € L(X,U), our methods allow to compute a
witness that consists of one or two positional strategies.

4.2. Examples

Before we explain the details, consider the systems ¥ and ¥’ as described in Figure
3.3 and 3.2. As in Section 3.1, the old and new specification are ® = { A C(n A p),
®' = ( A0, the feasible formula is © = &(n A p), and the fresh atomic proposition is
6. As @' is satisfied in only one starting state of ¥/, Sat(®’) is medium-sized in X'.
Hence, Sat(®) is medium-sized in 3. A witness for ¥ and ® consists of a positional
winning strategy f for Ego in (EA, Y, Sat(®)) and a positional winning strategy ¢
for Alter in (AE,Y, Sat(®)). For convenience, we do not exactly follow the general
procedure of Section 4.3.

First, we construct g. A positional winning strategy ¢} for Alter in the game
(AE,Y, Sat(®')) is given by

gi(N\) :==(q1,7©) and ¢j(d/):=a" (€ path(X)],a’ # ).
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We define g; with
a(\) =7m(gi(N\)=q and gi(a):=a (a€ path(T)],a#N).

One might hope that g1 is winning for Alter in (AE, X, Sat(®)). But, there is an = :=
Q1q4(g5)* € Z:}gl with # F ®. Thus, g; is not winning for Alter in (AE, 3, Sat(®)).

An important observation is that there is no z’ € Zﬁgi such that 7(2') = x.
This is due to the fact that (q1,—0) -’ (q4,©) but ¢1 — q4; thus, in ¥, Ego
cannot append (g4, 0)(g5,0) to (g1, —0), but, in X, he can append g4q5 to ¢1. More
general, the problem is that Alter generates a path fragment o’ ending in (Qg/l, -0).
Unfortunately, there is some 3 € (Qg )*Qé such that a0 is a valid path fragment
of X, although there is no 8’ with w(3’) = 8 such that o/ is a valid path fragment
of /. This can be fixed by requiring that Alter never creates a path fragment that
ends in (QY,-0) or (QY,©). Therefore, we define

92(A) = (q1,70)(g3,=O) and g2(c/) =0’ (' € path(X')|, 0’ # N).
Moreover,
92(A) :=qigz and ga(a) :==a (a € path(X)],a # ).

Then, g := go is a positional winning strategy for Alter in (AE, Y, Sat(®)).
_Second, we construct f. A positional winning strategy f1 for Ego in the game
(EA,Y, Sat(®")) is given by

A = (@1,0)(g1,0) and fi(o)) =’ (o € path(Z)],a’ £ A).

Note that, for convenience, f; does not match the criterion elaborated in the last
paragraph. Nevertheless, this time a different problem arises. We define

fid) :=qqa and fi(a) =a («a€ path(X)],a # N).

However, fi is not winning for Ego in (EA,Y, Sat(®)), as » := q1(q4)* € Z%cl.

Now, there is a (unique) path =’ := (¢1,0)(q4,0)¥ € Z]?Af{ such that 7(z) = .

The problem is that 2’ ¥ 0O(0© < 6). This is solved if we require that Z%c{ -
Sat(0(O < 6)). In the special case, it even suffices to define f} with

f5N) = (¢1,0)(41,0)(g5,0) and f3(a’) =0’ (a’ € path(X)],a’ # N).
Now, we set

fo(N) == qrqaqs and  fa(a) :==a (a € path(X)],a # N).

Then, f := fy is a positional winning strategy for Ego in (FA, X, Sat(®)).
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4.3. Witnesses in the Case of 7y

In the case 7 = 7y and © = £ U 1), we first define a strategy ¢’ in ¥/ as follows. Let
o' € path(¥X')], and define 5’ by f'(o/) =: o/3’. We choose +' such that /3y €
path(X’)] and the following conditions hold:

e If af ends in Qg, then a7 ends in Qé U Qg.

o If v ends in QF \ sat(v) and B € (Q5 \ sat(¢))*, then o/F'y ends in a state
satisfying .

We set ¢'(o') := o/3'y'. Hence, ¢’ is a strategy in X/. If f’ is positional, then ¢’ is
positional, too. Note that, given f/(¢/), ¢’(a’) can be computed easily.

A path 2/ of ¥/ with ¢/(2'[0,4]) C 2’ for infinitely many ¢ € N satisfies O(0 = < o).
This can be seen in the block graph of ¥/ in Figure 3.5. Moreover, Z,f’g/ C Z,f’f/.

For a € path(X)], choose o/ € path(X')] with m(a/) = a. Such an o exists due
to Lemma 3.4. If 7(¢'(¢/)) = «, then let ¢ € @ such that 7(¢'(¢/))q € path(X) ],
and set f(«) := m(¢'(c’))q. Otherwise, we define f(a) := w(¢'(«/)). Thus, f is a
progressive strategy in 3. If f’ is positional, then f is positional, too.

We show (4.1). Let z € Z2. For each i € N, we define a; € path(X)| and
gi € QU {\} such that

ag T flog) = a2i41¢i T agip2 T (i €N),

where g = A if P controls the zeroth move in a play of G and ¢; = A iff ag; # aigi41.
In the same way as in the construction of f, we choose o € path(X)] such that
m(a;) = o and ¢'(ah;) = af,, for each i € N.

Let a5;  be the prefix of af; 5 of length |of; |, where i € N. By construction,
T(Ahiyy) = onie1 = (). As oy = g'(ah;), a2 ends in Qf or QF, or
agiy1 = A. Thus, &5, ; and of; ; end in the same state, or a5, | = A = ah; ;. Due
to Lemma 3.4, we have dg; | = ab; . Hence,

g'(ay;) = 0/22‘+1 C a/2i+2 (i € N).

Let 2/ be the path of ¥/ which, for each ¢ € N; is compatible to ;. Thus, 7(z’) = .
As 2’ € ZP9" and, for infinitely many i € N, g (2'[0,4]) C 2/, we have 2’ € ZPS" and
' E 00 = <¢4). With Lemma 3.5, Equation (4.1) follows.

4.4. Witnesses in the Case of 7y

In the case 7 = Tx, we define f as follows. Let o € path(X)], and choose o €
path(X')] such that 7(a/) = a. By Lemma 3.6, such an o/ exists. We set f(«a) :=
w(f'(a’)q'), where ¢’ € Q' such that f'(a/)q" € path(¥')|. Clearly, f is a progressive
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strategy in X. If f’ is positional, then f is positional, too. Note that, given f'(a/),
f(a) can be computed easily.

We show (4.1). Let z € 7P For each i € N, we define «; € path(X)| and ¢; € Q
such that

ag; T flog) = a2i41¢i C aip2 T (i € N),

where ap = A if P controls the zeroth move in a play of G. In the same way as in
the construction of f, we choose o} € path(X')| (i € N) such that, for each i € N,
m(a)) = ay, f'(ah;) = o g and ab; 1 q; € path(X')] for some ¢; € Q" with 7(q}) = g;.

Let &, ,; be the prefix of o, of length |as,; |, where i € N. As agi11¢i T agiyo,
we have &b, q; € path(¥')] for some ¢; € Q" with 7(q;) = ¢;. By the construction of
—', both b, 1q;, a5, 1q; € path(X')] for the same ¢} € Q" with 7(q;) = ¢;. Because
T(Q1q;) = 2i41¢i = (A 1q;), we can apply Lemma 3.6 and conclude that
Qg = ;. Hence,

f/(O/Qi) - C“/21'-&-1 C 04/21'4_2 (Z S N)

Let 2’ € path(X') be the sequence that, for each ¢ € N, is compatible to of. We
have 2/ € ZP7" and m(2') = 2. Thus, with Lemma 3.7, Equation (4.1) follows.

4.5. Witnesses in the Case of 75

In the case 7 = 7s, we define f as follows. Let a € path(X) ], and choose o/ €
path(X')] such that 7(a’) = @. Due to Lemma 3.8, such an o/ exists and is uniquely
determined. We define f(a) := 7w(f'(¢/)). Given f'(d/), f(«) can be computed
easily. Note that, even if f’ is positional, f is, in general, not positional, as the last
state of o/ possibly does not only depend on the last state of a.

We show (4.1). Let x € z27 . With Lemma 3.8, we define 2’ as the unique path of
Y with 7(2) = . We show that 2/ € 7P Leta e path(X)] such that f(«a) C x.
We choose o € path(X)| such that 7(a’) = a and ' C 2/ with 3| = |f'(/)]. As
7(B) CE n(2') = z and w(f'(/)) = f(a) E z, we have 7(8) = n(f'(a’)). Due to
Lemma 3.8, f(a/) = ' C 2.

Therefore, for each a € path(X)] with f(«) C 2, we have f/(/) C 2/, where o is
the unique path fragment of ¥’ with w(a/) = . Thus, 2’ € ZPT . With Lemma 3.9,
we conclude that (4.1) holds.

4.6. Witnesses in the Case of 7y,

In the case T = Ty, we define f exactly as in the case 7 = 7s. In the proof of (4.1),
we just need to replace Lemma 3.8 by Lemma 3.10 and Lemma 3.9 by Lemma 3.11.
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4.7. Witnesses in the Case of 77,

In the case 7 = Ty g, we first define a strategy g in Y as follows. Let o €
path(X')]. We define 5 by f'(a’) =: o/3'. We choose v’ such that /'y € path(X')]
and the following conditions hold:

o If /3 ends in (Qg, {©,-0}), then o/ ends in (Qé, O)U (Q%, -0).

e If o/ ends in (Q5,0) U (Q2,~O) but not in a b.s.c.c. of ¥', then o/3'y ends
in a b.s.c.c. of X',

e If & ends in a b.s.c.c. of ¥/, then each state of that b.s.c.c. appears at least
once in (3, 4/ or at the last position of .

We set ¢'(o') := /7. Hence, ¢’ is a strategy in X'. If f’ is positional, then ¢’ is
positional, too. Note that, given f'(a’), ¢’(a’) can be computed easily.

A path o’ with ¢/(2'[0,i]) C 2’ for infinitely many ¢ € N is state fair w.r.t. 3.
This is due to the fact that 2’ eventually takes some state of a b.s.c.c. of ¥ and
visits each state of that b.s.c.c. infinitely often. Moreover, Z,}.:’g/ C Z,f’f/.

Now, we define f. For a € path(X)], let o € path(X')] such that 7(a/) = «a.
Such an o exists due to Lemma 3.18. If w(¢'(a’)) = «, we choose ¢ € @ such that
(g’ (/))q € path(X)], and set f(a) := m(¢'(’))q. Otherwise, we define f(«) :=
(¢’ (c/)). Clearly, f is a progressive strategy in 3. If f’ is positional, then f is
positional, too.

The proof of (4.1) is similar as in the case of T = 7y.

4.8. Complexity of Computing a Witness

In the following complexity analysis, we assume that the algorithm of Chapter 3 has
already been executed and that the system, specification and feasible formula of each
transformation step are still available. We analyse the additional time the methods
described above require to compute a move in the interactive play. Recall that n is
the number of transformation steps carried out by the algorithm on input (X, ®).

Theorem 4.2. Let X be a system and ® a specification. Suppose that f is part of
the witness for ¥ and ® as defined above. Then,

e given a path fragment o of ¥, the computation of f(«) can be accomplished in
O(2™X| + nla|) time steps.

o If ® € L(X,VU) and f is positional, f(q) can be determined in O(2"|X|) time
steps, where q is a state of X or ¢ = A.
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Proof. Let Yo := X, &y := ®, X; the system, and ®; the specification after the
i-th transformation step (1 < i < n). Moreover, let f; be a strategy which is part
of the witness for ¥; and ®; as defined above, where 0 < ¢ < n. We analyse the
time that our methods need to compute fo(a), where o € path(X)|. We recall
that, for ¢ € {0,...,n— 1}, the algorithm computes f;(a;) from f;11(;y1), for some
a; € path(%;)] and ayy1 € path(X;41)] with m(a;41) = ;. Here,

filaq) = m(fir1(it1)0it1)Gis

where §;41 is a finite sequence of states of X;11 and ¢; is a state of X; or A\. The
computation of «;1 needs O(|a;|) = O(|a|) steps, the sequence d;11 can be deter-
mined in O(|X;4+1]), and ¢; is constructed in O(1). A careful examination yields
that the projection can be performed with no additional cost. The preprocessing,
i.e. the computation of f,(ay,), where ay, € path(¥,)], can be done in O(|%,]). (If
ayn # A, the preprocessing can even be accomplished in O(1).) Thus, the time for
the computation of fo(«) is

n—1

O(ISal + Y _(lal + [Siza] + 1) < O2"|E] + nlal).
1=0

If & € L(X,U) and f is positional, it can be shown in a similar way that the compu-
tation of fy(q), for some state ¢ of ¥, can be accomplished in O(2"|%]).
O
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5. Conclusion

We examined an algorithm, originally due to Courcoubetis and Yannakakis [1995], for
generalised fair model checking, a "more permissive" variation of traditional model
checking. This algorithm is based on transformations that preserve how much the
specification is satisfied in the system (large, medium-sized or small). The mod-
ularised structure of our proof of correctness has made it easier to develop new
transformations, both for optimisation and for processing specifications with past
operators. The game-theoretic view allows to define witnesses, which support the
developer in locating and removing errors in the system. A witness consists of one
or two strategies in the system which allow to satisfy or violate the specification,
depending on how much the specification is satisfied in the system. We extended
the algorithm such that the developer can interactively play against a player which
plays according such a strategy. It remains to perform some case studies to figure
out if such an interactive play is useful in practice.

In our opinion, the algorithm of Courcoubetis and Yannakakis [1995] is suitable
for implementation, as it is based on a simple idea, which can be implemented with
standard algorithms and data structures. Its running time can be improved by
several techniques. One of these techniques is to develop new transformations such
that formulae which frequently arise in specifications (e. g. Muller formulae) become
feasible.

Another approach for improving running time is based on the observation that
the algorithm splits up, but never joins states. Suppose, for instance, that the
specification ® contains £ = <) as a subformula, where £, v are state formulae. At
some time, the algorithm splits up each state q € Qg[w, regardless whether ¢ F €. If
q ¥ &, then both (¢,$ %) and (g, — <) satisfy £ = &b, Thus, in some occasions,
(¢, 1) and (g, ~ < 1) may be joined to a single state. In Appendix B, we formalise a
notion of equivalence of states and make a suggestion on how to join equivalent states;
however, it remains to be worked out how to eliminate equivalent states efficiently.
There might be related methods in the field of traditional model checking.

Note that, in some occasions, the transformation which the algorithm applies
next to the current system and the current specification is not uniquely determined.
Unfortunately, the running time depends on these choices. In our opinion, it seems
to be convenient to keep the system as long as possible as small as possible, as the
running time for a single transformation step mainly depends on the size of the
current system and feasible formula and not on their structure. However, it is hard
to predict how much the system grows if a certain transformation is applied. Thus,
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5. Conclusion

it remains to develop good heuristics for this problem.

In the literature, there have been discussed other notions of largeness such that the
family of large linear-time properties is closed under superset and finite intersection.
As these are the fundamental properties of largeness which we need in Section 3.1,
it seems to be easy to modify the algorithm for these notions of largeness. However,
we can show by simple counterexamples that, for a number of alternative largeness
notions, the approach of Section 3.1 cannot be used to check largeness. See Appendix
C for a sketch of a proof.
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A. Can the Application of Tf(mo) Increase Running Time?

Let ® € L(X,Y,U,S) be a specification and ¥ a reduced system. We choose a correct
transformation 7; and a formula ©; which is feasible for 7;, where 1 <+¢ <n. For 1 <
) < n, we define E() = (QQ,S(),—>0,UU) = E, Ei = (Qi,SZ‘,—ﬁ,vi) = ,Z;(Ei—h@i);
®y := ® and ®; := 7;(P;—1,0;). The fresh atomic proposition introduced for ©;
is denoted by 6;, where 1 < i < n. We assume, without loss of generality, that
01, ...,0, are pairwise different.

We call {¥;}]", the system sequence generated by {(7;,©;,0;)},; on ¥ and,
{®@;}1", the specification sequence generated by {(7;,0;,60;)}; on ®. We say that
{(73,0;,0:)}_, is a transformation sequence for ¥ iff, for each i € {1,...,n} and
each q € Q;,

«0; £0; (1<j<i),
e ¢£0; (1<j<n),
e Oi,q¢vi(p) (pe@;,0<j<i).

Roughly speaking, the fresh atomic proposition and the new states generated in some
transformation step have never been used before. The new states generated in some
transformation step may not appear in any feasible formula, even not in those of
future transformation steps. Note that states of the original system g may appear
in each of the feasible formulae.

If {(7;,0;,0;)}" 4 is a transformation sequence for ¥, ®,, is a state formula and,
for each i € {1,...,n} and each q € Q;,

© 0; 2®; (0<j<i)and
e g £®; (0<j<n),

then {(7;,0;,6;)}, is a transformation sequence for ¥ and ®. In other words, we
do not allow that fresh atomic propositions are used before they are generated. New
states may not appear in any of the specifications.

If the algorithm, on input of ¥ and ®, in the i-th step (1 < ¢ < n) chooses
the transformation 7;, the feasible formula ©; and the fresh atomic proposition 6;,
we say that it applies {(7;,0;,0;)}1~; to ¥ and ®. Roughly speaking, during the
application of a transformation sequence, there are no naming conflicts due to fresh
atomic propositions or new states. Thus, it is natural to assume that {(7;, ©;,0;)}"
is a transformation sequence for ¥ and .
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Definition A.1. Let X be a reduced system. We define = as the minimal equivalence

relation over transformation sequences for X such that the following conditions hold:
Suppose that {(7;,©;,6;)}", = {(7;,0:,0:) }1.

1. If both {(7;, ©;, Gi)}?jll and {(’f}, é)i, él)}?:f are transformation sequences for
> and

A ~ A~

(741, On41, Ont1) = (Tnt1, Ong1, Ont1),
then

~

{(7;’ 613 02)}?211 = {(Ijzv 617 él)}?;rll

2. If both {(7;,0;,6;)}4! and {(7;, 6;,60;) 74! are transformation sequences for
Y and

~ ~ A~

(Tn41, [@n+1]?j7 On+1) = (Tnt1, Ont1, Ong1),

where 1 <1 < n, then
{(Za 6’“ 91)}?211 = {(j; é’m él)}?;rll

3. If both {(7;,0;,6:)}"%2 and {(7;,6;,60;)}712 are transformation sequences for

3,
(%—0—17 @n+17 9n+1) = (,Tn+27 6n+27 9n+2) and
(Tri2,Ons9,0ni2) = (Tni1, Oni1, Onin),
then

{(Za @Zv 91)}?;32 = {(j;7 éla él)}?jf
If {(Zﬂglvgi)}?:l = {(ﬁvé%éi)}?:lv then {<7;79179Z) i=1 and {(ivélﬂél) ?:1 are
said to be similar.

Similar transformation sequences for a system do essentially the same if they are
applied to that system. The relation = allows to reorder the elements of a trans-
formation sequence and to replace, in some feasible formula of that transformation
sequence, a fresh atomic proposition that was introduced earlier by the related fea-
sible formula.

Proposition A.2. Let ¥ be a reduced system, {(7;,0;,0;)}", and {(’]A;,él,éz)}le
similar transformation sequences for X, {3;}7 the system sequence generated by
{(7:,0;,0:)} 1 on 3 and {ii}?zo the system sequence generated by {(T;, ©;,60;)}7_,
on X.

Then, ¥, and S, are isomorphic.

Sketch of Proof. The proof is manly based on arguments of Lemma 3.3 and 3.1. We
prove a more general assertion by induction over the structure of =:
Let (Qi, Si, —i,vi) := %; and (Q4, Si, =i, 0;) := X;, where 0 < i < n.
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Isomorphism: there is a bijection o : Q, — Qn with p —, ¢ iff o(p)>no(q), where
p,q € Qn.

Smallness is preserved: let T € L(X,Y,U,S) with ¢ 2 T, for each ¢ € Q; U Qi,
where 0 < i < n. We define T by replacing ¢ by o(q) in T, for each ¢ € Q.
Then, Sat(Y) is small in X, iff Sat(Y) is small in X,,.

Induction base. If {(7;,©0;,60,)}7, = {(7;,0;,0;)}",, it is clear that the conditions
"Isomorphism" and "Smallness is preserved" hold.

Induction step. In the cases that two transformation sequences are similar due to
symmetry or transitivity, it is straightforward to prove the induction step. Now, we
consider the cases that two transformation sequences are similar due to condition 1,
2 or 3 of the definition of =. The case of condition 1 is similar to, and simpler than
the case of condition 2 and is therefore omitted. During the remainder of the proof,
we assume that the conditions "Isomorphism" and "Smallness is preserved" hold.

Condition 2.  We suppose that both {(7;, ©;,6;)}1]' and {(T;, 6, él)}fill are trans-
formation sequences for ¥ and

A ~ A~

(ZTn+1, [@n+1]§_iv On+1) = (Tnt1, Ont1, bnr),
where 1 <4 <n. Then, due to the definition of =,
{(Ti, 04,0012 = {(T3, €4, 00) 1.

We choose {¥;}11)" as the system sequence generated by {(7;, ©;,6;)}4' on ¥ and
{il}?jol as the system sequence generated by {(7;, 6, él)}f:ﬂl on Y. Moreover, let
(QZ’, SZ', —>i,’Ui) = EZ and (Qi,gi, %1,@2) = ii, where 0 < 1 <n+ 1.

First, we show that there is a bijection o' : Qni1 — Qi1 with p/ —nt1 ¢ iff
o' (p")>nt10'(q), where p',¢" € Qui1. For (¢,0n41) € Qni1, we set 0'(q, Ont1) :=
(Aa(q),@nﬂ), where ©,11 € {Onyi1,7On11} such that O, = O, iff O,y =
Ont1- )

Let g E~Qn, én+1 € {®n+1, ﬂ@n+1} and én+1 € {én+1, _‘énJrl} such that én+1 =

Opyq iff én+1 = @n+1. Then, the following statements are equivalent:

® (¢,0n41) € Qnyr,
o Sat(<(g A ém—l)) is not small in X, 11,

e Sat(O(q A Opy1)) is not small in ¥,
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o Sat(¢(o(q) AOpy1)) is not small in 3,
o Sat(<C(o(q) A én+1)) is not small in 3,

o Sat(O(o(g) A Opyt)) is not small in Spyq,

~

hd (U(Q)7 én+1) € Qn+1~

Thus, ¢’ : Qn+1 — Q1 is bijective.

Let (p7®711+1)7 (Q7@721+1) S Qn-‘rla (ﬁ?érlz-i-l) = U/(p, 9711+1) and (d7éi+1) =
o(p,©} +1)- Then, the following statements are equivalent:

hd (p7 @111+1) —n+1 (Q7 e%url)v

Sat(C(p AOL, 1 AX(gABOZ,,))) is not small in Xy,41,

Sat(C(p AOL, . AX(gAB2,,))) is not small in X,

Sat(C(pAOL1 AX(GAO2,))) is not small in S,

Sat(O(p A @}Hl AX(G N (:)%H))) is not small in 3,

o Sat(O(p A (:)711Jrl AX(G N (:)iﬂ))) is not small in 341,

e (P, 931+1);>n+1(6§7 @%+1)~
Thus, p’ —ny1 ¢ iff o/ (p')>n110'(q'), where p', ¢’ € Q1.

Let Y € L(X,Y,U,S) with ¢ A Y’, for each q € Q;UQ;, where 0 <i <n+1. We
define T’ by replacing ¢ by o’(¢) in Y/, for each ¢ € @p+1. We show that Sat(Y')

A

is small in ¥, 41 iff Sat(Y’) is small in 3,41. For this, we define T by replacing

On+1 by Ony1 and (¢,0p41) by ¢ A Opny1 in Y/, where (¢,0n11) € Qni1. In the
same way, we define T by replacing 0,41 by ©p41 and (¢, On41) by GA Opyy in T/,
v~vhere (d, énJrl) S Qn+1 and én+1 S {@n+17_‘@n+1} such that én+1 = ®n+1 iff

On+1 = O,41. Then, the following statements are equivalent:
e Sat(Y’) is small in 2,11,
e Sat(Y) is small in 3,
e Sat(Y) is small in ,,

o Sat(Y') is small in Sp41.
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Condition 3. Suppose that both {(7;, ©;,6;)}"*2 and {(7;, ©;, 6;)}"+? are transfor-
mation sequences for X,

~

(7;1-5-17 @n+17 9n+1) = ('j;z+2, 9n+2, én+2) and

~

(Tri2,On12,0ns2) = (Tni1, Ons1, Oni).

Then, due to the definition of =, we have
{(Za 617 OZ)}:L:JFE = {(jL (:)27 él)}:if

We choose {%;}742 as the system sequence generated by {(7;,©;,6;)}77? on ¥ and
{il}:‘j(f as the system sequence generated by {(7;, 6, él)}?jlz on X. Moreover, let
(Qz‘, Si, —>Z‘,Ui) = Zz‘ and (Qi,gi, %iyﬁi) = 21‘, where 0 < 1 <n+ 2.

First, we show that there is a bijection o’ Qn+2 — Qn+2 with p’ —pi0 ¢
iff o'(p ) “nt20'(q"), where p',¢" € Qni2. For ( Oni1,0n12) € Quiz, we define

o'(q, @n+17®n+2) (0(9), Ont2, Ons1)-
Let q € Qn, nt+1 € {@n+1,_|®n+1} and @7’L+2 € {@n+2;_'®n+2} Then the
following statements are equivalent:

1 d (Q> énJrl’ én+2) € Qn+2;
o Sat(<(g A (:)n+1 A (:)n+2)) is not small in X,,,

o Sat(O(0(q) AOpya AOpy1)) is not small in 3,

i (G<Q)7 én—i—Z; én+1) S Qn_;’_g.

Thus, o’ : Qnio — Qn+2 is bijective. It can be shown by similar arguments that
P —ni2 ¢ i o' (p')Sni20'(¢), where p', " € Qo )

Let Y € L(X,Y,U,S) with ¢ £ Y’, for each ¢ € Q; U Q;, where 0 < i < n + 2.
We define YT’ by replacing ¢ by o (q) in Y/, for each ¢ € Qny2. We show that
Sat(Y') is small in X0 iff Sat(Y') is small in ~2"+2 For this, we define T by
replacing 6p41 by Ont1, Ony2 by Oni2 and (q, @n+1,@n+2) by g A G)n+1 A @n+2
in Y/, where (¢,0n41,0n12) € Qnio. In the same way, we define T by replacing
9n+1 by Qn+1> 9”"’2 by ©,4+2 and (g, @n+2, @n-i-l) by ¢ A @n+2 A 9n+1 in Y, where
(@, On+2,0n+1) € Qnia. Then, the following statements are equivalent:

e Sat(Y’) is small in X, 42,

is small in X,

(1
e Sat(Y) is small in X,
e Sat(T) i

(1

e Sat ’) is small in f]n+2.
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A. Can the Application of TZ(DO) Increase Running Time?

O

Now, we exploit Proposition A.2 to answer the question how much the running time
of the algorithm, in the worst case, increases if we use TZ(DO) instead of repeatedly

applying 7y.

Theorem A.3. Let X be a reduced system, ® € L(X,Y,U,S) a specification and
{(73,0;,0:) ', a transformation sequence for ¥ and ®. Then, there is a transfor-
mation sequence {('j;, éi, 91) o for X oand @ with the following properties:

Let {i)z}zlo be the specification sequence generated by {(T;, O, 0;) T

1. For each k € {1,...,m}, if O, £ ®pn, then there is ani € {k+1,...,m} such
that [éz]?’“ is not feasible.
k
2. Let t be the number of time steps the algorithm needs to apply {(’Z;, ©;,0;) 4,

and t the number of time steps the algorithm needs to apply {(T;, ©;, él)}?ll on
Y and ®. Then, t € O(|®|-1).

Before the proof, we explain how the theorem answers the original question. Note
that {(7;,©;,6;)}7, could be the transformation sequence which yields the best
running time for the input ¥ and ®; however, the running time of the algorithm
when applying {(’j;, @l,éz) M, on ¥ and @ is only negligible worse, as ® tends to
be short in practice. Thus, we can still obtain an almost optimal running time if we
restrict us to transformations that satisfy condition 1 of the assertion. This is closely
connected to the question whether TZ(DO) can increase running time, as, roughly
speaking, condition 1 allows exactly the transformation sequences that apply TZ(DO)
as often as possible instead of repeatedly applying 7y.

Sketch of Proof. We show by induction over n that there exists a transformation
sequence {(7;,0;,0;) 7, for ¥ and @ such that 1. holds and 27 [ < 320, [%l.
Here, {3}, is the system sequence, and {®;}7, the specification sequence gener-
ated by {(7;,0;,6;)}7, on ¥ and ®, respectively.

First, we show that the assertion of the theorem follows from this claim. From the
proof of Theorem 3.21, we know that

te O} Il |2
1=0

With the claim above,

teo(o-) )
1=0
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As the application of {(7;,©;,6;)}7; on ¥ and ® takes at least Q(> ;" [Xi]) steps,
we have
te o(|®|-t).

Thus, the assertion follows from the claim above.

Now, we prove the claim. For n = 0, there is nothing to show. For the induc-
tion step n — n + 1, let {(7;, @i,Gi)}?jll be a transformation sequence for ¥ and
®. We define {¥; "_Jr ! as the system sequence and {®;}'1 as the specification se-
quence generated by {(7;, ©;,6;)}"1 on ¥ and ®, respectively. If {(7;, ©;,6;)}7} =
{(T:,©4,0:)} 1] satisfies 1., there is nothlng to show.

Otherwise, suppose there is some k € {1,...,n + 1} such that 6 £ ®,41 and
[@i]?: is feasible for each i € {k+1,...,n+ 1}. For 1 < i < k, we define 7; := T;,
©, =0, and 0; := 0;, and, for k <1i < n, O, := [@Z-‘rl]@@ , 0; = 0; 11 and 7; such that
©, is feasible for 7;. By assumption, {( 7;,0,,6; )}, is a transformation sequence
for ¥ and ®.

Let {3;}7, be the system sequence generated by {(7;,©0;,60;)}, on 3. Clearly,
Y =%, for 0<i<k. Let i€ {k,...,n}. Recall that

Yit1 =Tiv1(. .. 71(20,01) ..., O4i41).
Because of 2. of the definition of =, we have
(70,05 =
(71,01,61) ... (Tim1, O1—1, 65—1) (Th, Ok, 04) (T, O, ) - .- (Ti, 01, 6).
With 3. of the definition of =, we conclude that
{(7j.0;,0)} 5 =
(71,01,01) .. (Te—1, On—1, 04—1)(Ti, Ok, Ok) - . . (75,04, 0,) (T, Ok, ) =
(T1,01,61) ... (T;, 04, 0:)(Ty, O, 0.
Because of Proposition A.2
|Zita| = |Tk(7~§(~ - T1(20,01) .., 6,), O4)].

Thus, :
1Zit1] = [T (24, O)|-

Therefore, |%;] < |Zi11]. We conclude that Y7 [5] < Z"H \Z | ‘With the induc-
tion hypothesis, we construct a transformation sequence {(7;, 0;)}™, such that
1. holds and > ;" |3 < Y1 [3i]. The claim follows. O
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B. Elimination of Equivalent States

Let ¥ = (@, S,—,v) be a reduced system and ® a specification. Without loss of
generality, we assume that each state formula & with £ < @ is an atomic proposition.
This can be achieved by replacing the state formulae in ® by fresh atomic propo-
sitions. Furthermore, we assume that atomic propositions that do not occur in the
specification have been removed from the valuation function v. (In fact, this is not
covered by our definition of systems, as it requires ¢ € v(q), for each ¢ € Q; however,
the necessary modifications are not too difficult.) Then, the states p, ¢ are equivalent
iff

e for each 7 € Q we have r - p &1 — ¢,
epcSsqelsS.

Thus, equivalent states satisfy the same atomic propositions, have the same prede-
cessors, and either both or none of them is a starting state. In Figure B.1, there is
a system with equivalent states.

Cy
oo
RO (0D

Figure B.1.: A gsystem . The states with the atomic proposition 7 are equivalent.

If p, q are equivalent, then they can be joined to a new state (p,q). This results in
a new system X' = (Q’, 8", —’,v’) such that the following conditions hold:

e Q' =Q\{p,a} U{(p.9)}
e S'=5ifp,q ¢ S; otherwise 8" =S\ {p,q} U{(p,q)}.

e Forr,s € Q\ {p,q}, we have r =’ s iff r — s.
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B. Elimination of Equivalent States

e r—'(p,q)iff r — pand r — g, for each r € Q \ {p, ¢}.
e (p,gq) =" riff p—rorq—r, foreachr e Q\ {p,q}.
* (pg) = (poifp—porq—gq

* v(p,q) = v(p) = v(g)-

In Figure B.2, there is the system X/, where ¥ is as in Figure B.1.

o5
Aw8<
0

Figure B.2.: The system Y, where ¥ is as in Figure B.1.

It is not too hard to see that joining equivalent states does not affect how much
Sat(®) is satisfied. It remains to be worked out how to efficiently join equivalent
states during the execution of the algorithm; however, there might already exist
related methods in the field of traditional model checking.

88



C. Alternative Notions of Largeness

Let ¥ = (Q, S, —,v) be a reduced system and X a linear-time property over Q). We
consider the following notions of largeness:

e The linear-time property X is AFA-large in X iff Ego has a winning strategy
in (AFA, %, X) (cf. Pistore and Vardi [2003], Varacca and Volzer [2006]). In a
play of the game (AEA, 3, X), Ego controls only move number one. (We start
counting at zero.) See the paper of Berwanger et al. [2003] for the complete
lattice of path games.

e The linear-time property X is A-large in X iff path(¥) C X. The term A-
large is motivated by the game (A, X, X). Checking A-largeness is the same as
traditional model checking.

e The linear-time property X is SF-large in ¥ iff SF'y, C X (cf. Lichtenstein and
Pnueli [1985]). Checking SF-largeness is the same as model checking constraint
by state fairness.

The related terms of medium-sizedness and smallness are defined as in Section 2.6.
For instance, X is SF-small iff X€¢ is SF-large, and X is SF-medium-sized iff it is
neither SF-large nor SF-small.

We try to adapt the methods of Section 3.1 by simply replacing "large", "medium-
sized" and "small" by one of the related terms defined above. Unfortunately, for any
of these largeness notions and even for simple formulae ©, it is not possible to develop
correct transformations such that © becomes feasible. This can be shown as follows.
First note that Lemma 3.3 holds for any largeness notion defined above. Suppose
¥ = (Q,S,—,v) is the system described in Figure 2.2 on page 23. (That means
Q=1{p.a}, S=Qand — = (Q,Q))

We start with the case of AEA-largeness. Consider the specification @ := &GO p. As
Ego has neither a winning strategy for (AFA, X, Sat(®)) nor, for (AFEA, X, Sat(—®)),
Sat(®) is AEA-medium-sized in ¥.. Now, suppose © := O p is feasible for some correct
transformation 7 and ¥’ := (Q', 5", —',v) :== T(X,0). With arguments from the
proof of Lemma 3.3, it is not too hard to see that Q' = {(p, O p), (p,~ O p), (¢,~Op)},
(p,~0Op) = (¢,~0p) and (¢,~0p) =’ (p,Op). As (p,0p) = (p,O) is reachable
from each state of @', Sat(7(®,0)) = Sat(< ) is AEA-large in X', a contradiction
to the correctness of 7.

In the case of A-largeness, a counterexample can be constructed with the same
system X, & := O-¢gA—-0Op and O := Op. Note that Sat(P) is A-small in ¥. Then,
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C. Alternative Notions of Largeness

(p,—Op) € S"and (p,~0Op) =’ (p,~Op). As (p,~Op)® € path(¥'), Sat(0 ~gA-0)
is not A-small in ¥/,

In the case of SF-largeness, we consider the same system X, ® := O(p A Xp) and
© := Xp. Although Sat(®) is not SF-large in X, Sat(C(p A6)) is SF-large in X'.
This is due to the fact that (p, X p) is a successor of (p, X p) and (¢, X p), and (g, X p),
of (p,X¢) and (¢,Xq).

We conclude that the approach illustrated in Section 3.1 cannot be used for check-
ing AEA-largeness, A-largeness or SF-largeness; however, Lichtenstein and Pnueli
[1985] developed algorithms for checking A-largeness and SF-largeness in exponen-
tial time in the size of the specification and linear time in the size of the system. The
complexity of checking AFEA-largeness is open (cf. Pistore and Vardi [2003|, Varacca
and Volzer [2006]).

90



