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Higher-Order Logic: Arithmetic 902

The Roadmap
We are still looking at how the different parts of

mathematics are encoded in the Isabelle/HOL library.

• Orders

• Sets

• Functions

• (Least) fixpoints and induction

• (Well-founded) recursion

• Arithmetic

• Datatypes

Wolff: HOL: Arithmetic; http://www.infsec.ethz.ch/education/permanent/csmr/ (rev. 16802)
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Higher-Order Logic: Arithmetic 903

Motivation
Current stage of our course:

• On the basis of conservative embeddings, set theory can

be built safely.

• Inductive sets can be defined using least fixpoints and

suitably supported by Isabelle.

• Well-founded orderings can be defined without referring to

infinity. Recursive functions can be based on these. Needs

inductive sets though. Support by Isabelle provided.

Wolff: HOL: Arithmetic; http://www.infsec.ethz.ch/education/permanent/csmr/ (rev. 16802)
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Motivation
Current stage of our course:

• On the basis of conservative embeddings, set theory can

be built safely.

• Inductive sets can be defined using least fixpoints and

suitably supported by Isabelle.

• Well-founded orderings can be defined without referring to

infinity. Recursive functions can be based on these. Needs

inductive sets though. Support by Isabelle provided.

Next important topic: arithmetic.
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Higher-Order Logic: Arithmetic 904

Which Approach to Take?
• Purely definitional?
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Higher-Order Logic: Arithmetic 904

Which Approach to Take?
• Purely definitional?

Not possible with eight basic rules (cannot enforce infinity

of HOL model)!
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• Minimally axiomatic? We construct an infinite set, and
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Higher-Order Logic: Arithmetic 904

Which Approach to Take?
• Purely definitional?

Not possible with eight basic rules (cannot enforce infinity

of HOL model)!

• Heavily axiomatic? I.e., we state natural numbers by

Peano axioms and claim analogous axioms for any other

number type?

Insecure!

• Minimally axiomatic? We construct an infinite set, and

define numbers etc. as inductive subset?

Yes. Finally use infinity axiom.
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